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Abstract

We construct a dynamic general equilibrium model with occupation mobility, human cap-
ital accumulation and endogenous assignment of workers to tasks to quantitatively assess the
aggregate impact of automation and other task-biased technological innovations. We extend
recent quantitative general equilibrium Roy models to a setting with dynamic occupational
choices and human capital accumulation. We provide a set of conditions for the problem of
workers to be written in recursive form and provide a sharp characterization for the optimal
mobility of individual workers and for the aggregate supply of skills across occupations. We
craft our dynamic Roy model in a production setting where multiple tasks within occupations
are assigned to workers or machines. We solve for the balanced-growth path and characterize
the aggregate transitional dynamics ensuing task-biased technological innovations. In our
quantitative analysis of the impact of task-biased innovations in the U.S. since 1980, we find
that they account for an increased aggregate output in the order of 75% and for a much
higher dispersion in earnings. If the U.S. economy had higher barriers to mobility, it would
have experienced less job polarization but substantially higher inequality and lower output
as occupation mobility has provided an “escape” for the losers from automation.
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1 Introduction

While expanding aggregate production, technological and organizational advances are usually bi-
ased against some occupations and, often, against many workers. For instance, in recent years
automation and routinization have received enormous attention because of the displacement of
workers from traditional jobs, the polarization of earnings, and a widening inequality in overall
income distribution.! These “task-biased” technological innovations replace workers for machines
in the performance of production tasks, and their aggregate impact depends on how easy or dif-
ficult is to substitute factors in the production of different tasks (as emphasized by Autor et al.
(2003)) and also on how easy or difficult it is for workers to switch tasks and labor markets (as
emphasized by Acemoglu and Autor (2011)). Yet, the ultimate impacts on aggregate output,
income distribution and welfare are also determined by the dynamic responses in aggregate in-
vestments in equipment, the reallocation of existent and new workers and their human capital,
and the equilibrium prices of skills across the different labor market occupations.

In this paper, we use a dynamic general equilibrium model with occupation mobility and
endogenous assignment of workers to tasks to quantitatively assess the impact of automation and
other task-biased technological innovations. We extend recent quantitative general equilibrium
Roy models to a setting with dynamic occupational choices and human capital accumulation.
Analytically and quantitatively, we show that these are crucial aspects for the determination of a
country’s earnings distribution and level of aggregate output, as well as the responses to economy-
wide technological advances. In our model, workers have long stochastic lifetimes, are forward
looking and can switch occupations in any period during their participation in labor markets.
Workers” occupation mobility choices maximize their expected lifetime utility, and, along with
idiosyncratic occupation-specific productivity shocks and the costs of switching occupations, drive
their accumulation of human capital over the life cycle. With respect to the demand for labor, the
production of final goods is the result of assigning different types of workers and machines to tasks
across multiple occupations. We show that the equilibrium assignment of workers and machines
to tasks generates a (nested) CES aggregate production function that exhibits cross-occupation
differences in productivity levels and the complementarity or substitutability between machines
and workers.

We quantitatively assess the impact of automation and other task-biased technological inno-
vations on the welfare of workers on different occupations and on the overall earnings inequality
for the U.S. economy from 1980 to the present. Mapping our model to the moments observed
in the 1970s for the U.S. economy, we then account for the subsequent changes observed in the
employment shares across occupations and the increase in earnings inequality that arise from task
biased technological advances. An important change observed in U.S. labor markets in the past

few decades is the polarization of skills in the labor market, i.e., the decline of employment in

1See Acemoglu and Restrepo (2019); Autor and Dorn (2013); Autor, Katz, and Kearney (2006); Autor, Levy,
and Murnane (2003); Goos and Manning (2007); Goos, Manning, and Salomons (2014).



middle-skill occupations, like manufacturing and production occupations, and the growth of em-
ployment in both high and low-skill occupations, such as managers and professional occupations
on one end, and assisting or caring for others on the other.

Using our model we show how task-biased technical improvements can jointly explain the
increase in the capital share of income, labor market polarization, earnings inequality and occu-
pational mobility in U.S. labor markets. In our quantitative analysis of the impact of task-biased
innovations in the U.S. since 1980, we find that they account for an increased aggregate output
in the order of 75% and with much higher dispersion in earnings. We also argue that if the U.S.
economy had larger barriers to mobility, it would have experienced less job polarization but would
have substantially increased the observed levels of inequality as occupation mobility provides a
“escape from the losses from automation. Finally, the model can easily explain the fall in the labor
income share: Instead of falling by 9%, the differences in the elasticity of substitution between
machines and workers would lead to a fall in this share in the order of 14%.

Our dynamic model highlights the long-lasting impact of task-biased technological changes.
Indeed, in our dynamic setting, once-and-for-all changes in automation or other technological
changes can lead to sustained growth effects in the earnings of workers over their life-cycle and
very long transitional dynamics for the aggregate economy. We emphasize that the welfare and
inequality implications for technological changes can be vastly richer than those obtained in other
settings as they originate not only from changes in skill prices in each period but also from changes
in the equilibrium growth rate of earnings. On the one hand, the positive impact on some workers
is not only due to higher level of earnings but also from a faster growth. On the other hand, some
workers can be worse-off due to lower levels of earnings and the human capital losses associated
with changing occupations at a higher rate. These are aspects that are naturally incorporated in
our dynamic setting and are absent from static occupation choice models.

As we further discuss in Section 3, it is extremely challenging to solve for a dynamic general
equilibrium Roy model with a non-trivial number of occupations and human capital that endoge-
nously evolves with the workers’ occupational choices.? In this vein, the paper has a number of
expansive methodological contributions. First, we extend the static models used in recent gen-
eral equilibrium quantitative papers to a recursive setting and fully characterize the solution for
the problem of a worker with labor market opportunity shocks that every period may affect his
comparative advantage across occupations. We use standard dynamic preferences with constant
relative risk-aversion (CRRA) preferences, bridging recent quantitative assignment Roy models
(discussed below) with the standard dynamic household model for households used in macroe-

conomics. Interestingly, by combining CRRA preferences and Frechet distributed labor market

2First, the problem of the worker depends on a vector that denotes the worker’s skills in each occupation.
With a medium to large number of occupations, this is a high-dimensional object that evolves over time, rendering
the recursive problem of the worker intractable. Second, solving for general equilibrium requires an aggregation
of individual labor supplies comprised of heterogeneous skill levels for all occupations and, in a non-stationary
environment, requires the characterization of the dynamic evolution of the aggregate labor supplies in all these
markets.



opportunities, we show that the resulting distribution for the continuation values in the Bellman
equation of workers follows one of the three extreme value distributions, Frechet, Gumbel, or
Weibull, depending on whether the coefficient of relative risk aversion is lower than, equal to,
or higher than 1, respectively. In all these cases, conditions for existence and uniqueness are
provided and the simple recursion formulas that come out from the Bellman equation make for
trivial computations. In doing so, the dynamic problem of workers generates occupation mobility
probabilities, not just unconditional occupation choices.

Second, we fully characterize the limiting behavior for the employment and human capital of
workers as implied by their dynamic occupation choices. From the worker’s individual problems,
we derive the law of motion for the employment shares of workers across occupations. Associated
with any positive vector of skill prices, we show that there exists a unique invariant distribution
of workers. For aggregate human capital, we also show that a simple aggregation property holds,
which allows us to write down the transition matrix for the vector of aggregate human capital
across occupations. We show that the human capital for each of the cohorts inside a country
does not settle down to an invariant state. Instead, each cohort’s average grows over time. Using
the fact that the dominant eigenvalue of the aggregate human capital transition matrix is always
unique, positive, and real, we derive simple formulas for the aggregate human capital of the country
as a whole. Thus, our dynamic Roy model explicitly uncovers the simple mechanics by which the
life-cycle gradient of earnings of workers is determined by occupation mobility and how it affects
the human capital of a country and its long run income inequality within and across cohorts of
workers.

Third, by embedding our dynamic Roy model in a fairly rich general equilibrium environment,
we develop a framework in which different tasks across occupations are endogenously allocated
to workers or machines. In the model, there are two forms of physical capital. The first is the
traditional one in neoclassical models, and hence complementary to all workers. The second
capital is in the form of ‘machines’ which compete with —and substitute for— workers. In our
setting, output is produced by performing a large set of tasks which are assigned to either workers
or machines depending on their relative productivity and relative costs. The productivities of
workers relative to their market price and how they compare with those of machines determine the
set of tasks they perform within each occupation. From the equilibrium tasks-workers assignment
we show that a transparent and tractable nested CES aggregate production function emerges.
Importantly, the output labor-share of the economy is an endogenous function of the wages of
workers in different occupations, the rental rates of capital, and the labor and machine productivity
terms. Fourth, we show the existence of a competitive-equilibrium balanced-growth path for the
production economy. Fifth, we extend recent dynamic-hat-algebra methods to models with general
CRRA preferences and with human capital accumulation. The advantage of this approach is to
substantially reduce the set of parameters needed to be calibrated for the quantitative application

of the model. Seventh, we discuss multiple relevant extensions of our baseline model.



The end of this section relates our paper to existing literature. Section 3 briefly overviews
the empirical evidence on the impact of task-biased technological innovations on the U.S. labor
market. In particular, we highlight the asymmetric impact across workers in different occupations.
Section 4 studies the individual optimization problem of a worker that chooses occupations to
maximize lifetime utility for a given vector of skill prices or unitary wages per occupation. For
given wages, we show the existence of an invariant distribution of workers and human capital
across occupations. We also introduce the same demographic structure and derive the occupation
choices of new workers. In the last part of Section 4, we provide numerical examples that illustrate
the key mechanisms in the model and the implications of technological changes that are biased
against routine occupations. Section 5 describes the production economy, solves for the optimal
assignment of tasks to workers or machines, derive the aggregate production function and the
general equilibrium conditions. That section also describes how to extend the dynamic hat-
algebra methods of Caliendo, Dvorkin, and Parro (2019) to our environment with general CRRA
preferences and endogenous human capital accumulation. Section 6 contains our quantitative
assessment of the impact of task-biased technological innovations and their impact on U.S. labor
markets. Section 7 concludes. A number of appendices at the end include the proofs (Appendix
A), the dynamic hat algebra (Appendix B), formulae for welfare (Appendix C) and the extension

of the model to ex-ante heterogeneous workers (Appendix D.)

Related Literature

Our work is related to a growing but already extensive literature in labor economics and macroeco-
nomics that argues that recent changes in technology have had an asymmetric impact on workers,
leading to job polarization and increased earnings inequality. In the careful summary of this liter-
ature by Acemoglu and Autor (2011), the authors state that “recent technological developments
have enabled information and communication technologies to either directly perform or permit
the off-shoring of a subset of the core job tasks previously performed by middle-skill workers, thus
causing a substantial change in the returns to certain types of skills and a measurable shift in the
assignment of skills to tasks.” Using the cross-section of U.S. commuting zones, Autor and Dorn
(2013) also find strong empirical support for the asymmetric effects of computerization across
occupations and skills. Our paper follows on these authors and uses a task-based framework for
analyzing the effect of new technologies on the labor market and their impact on the distribution
of earnings. In our model, a worker’s human capital evolves endogenously as a result of past
labor market decisions. We provide analytic and quantitative results concerning the impact of
task biased technologies from the 1970s onward on U.S. workers and their occupational decisions,
human capital accumulation, and earnings inequality.

Krusell, Ohanian, Rios-Rull, and Violante (2000) study how skill-biased technical change affect
the skill premium and earnings inequality. They argue that the sharp reduction in the price

of equipment jointly with capital-skill complementarity differences can account for a significant



fraction of the increase in inequality between education groups. In their paper, labor markets
are segmented by education, and workers cannot switch across those markets, that is, the type
of jobs available for one group of workers is not available for other workers. Our model does
not have such a segmentation, as workers can choose between different occupations, trading-off
between their own comparative advantage and macroeconomic conditions in these markets. Also,
in our model workers accumulate human capital, which they can reallocate across the different
occupations. While at the cost of human capital depreciation, occupation mobility provides an
“escape” from the adverse effects that technological innovations may have for the earnings in some
occupations.

Kambourov and Manovskii (2009) argue that wage inequality and occupational mobility are
intimately related. They use a general equilibrium model with occupation-specific human capital
and compare economies with different levels of occupational mobility. In our model, workers
self-select into occupations according to their implied expected lifetime values, and comparative
advantage and relative production costs determine skill prices and workers” allocation. Then, we
compute the transition between balanced-growth paths (BGP) from an economy initially as of
the late 1970s to the current time and analyze the effects of the technological innovation for the
behavior of inequality and growth.

Our paper contributes to the growing quantitative literature that has successfully applied
static Roy models with Frechet distributed shocks to diverse topics, and bridges this literature
with standard dynamic quantitative macro models.> Some of the prominent examples of these
papers include the following: Lagakos and Waugh (2013) show that the selection of workers can
explain why productivity differences across countries are twice as large in agriculture than outside
agriculture. Hsieh, Hurst, Jones, and Klenow (2019) show how discrimination frictions in the
labor market across workers with different race and gender have amounted to substantial aggregate
misallocation and productivity costs for the U.S. economy as a whole. Galle, Rodriguez-Clare,
and Yi (2017) finds that international trade of goods with China increases average welfare, but
some groups of workers experience welfare losses as high as five times the average gain. Burstein,
Morales, and Vogel (2018) find that the combination of computerization and shifts in occupation
demand account for roughly 80% of the rise in the skill premium, with computerization alone
accounting for roughly 60%. All in all, our simple recursive methods can be applied to extend
this type of models to dynamic contexts, explicitly considering the lifetime implications of staying
in a low paying occupation or switching to a better labor market at the expense of a temporary
mismatch of their human capital. To be sure, it is straightforward to extend our model to capture
ex-ante heterogeneity and age-dependent choices, both of which are salient aspects in the literature
on human capital accumulation.

Our paper closely relates to Acemoglu and Restrepo (2018) and Acemoglu and Restrepo (2019)

who study how machines and industrial robots affect different workers and labor markets. They

3Recent quantitative Roy models build on the original analytic insights of Eaton and Kortum (2002).



argue that this type of technological advance may explain part of the decline in the labor share
highlighted in Karabarbounis and Neiman (2013). We extend the assignment model of tasks to
workers and machines of Acemoglu and Restrepo (2018) to different factors of production, and in
particular different types of workers. We show how our production at the level of each task can be
aggregated and derive the equilibrium aggregate production function, which we show is a nested-
CES with differences in the elasticity of substitution between capital and labor across different
occupations. From here, it is straightforward to characterize the expression for the output labor
share, which depends on the equilibrium price of capital, and hence, sensitive to technological
innovations that displace labor for capital across some of the tasks. Martinez (2019) obtains a
similar aggregation result in production under different assumptions for an economy with cross-
firm heterogeneity in automation.

Lee and Wolpin (2006) consider a dynamic equilibrium Roy model, with two production sectors
and three labor market skills. Aside from dynamic occupation choices, workers also accumulate
human capital. They use their model to explain why the relative constancy of relative wages
in face of a substantial expansion of the service sector does not imply that occupation mobility
costs are negligible. Indeed, in their counterfactual exercises, they find large income gains if these
mobility costs were zero. Similar to them, we find large counterfactual differences arising from
occupation mobility costs.

We have abstracted from the rich demographic structure in Lee and Wolpin (2006). Instead, we
provide a formulation of the dynamic equilibrium Roy model that leads to a much more tractable
aggregation, which greatly facilitates using the model for characterizing the aggregate responses to
technology changes, particularly with a large number of occupations. Moreover, we discuss below
how we can extend our model to allow for some of the aspects in Lee and Wolpin (2006) and
much of the literature on human capital accumulation. Similarly, we discuss how we can extend
our model to capture the aggregate equilibrium responses to demographic changes and gender
differences, as emphasized by Cortes, Nekarda, Jaimovich, and Siu (2016), and workers’ skill and
occupational mismatches as emphasized by Guvenen, Kuruscu, Tanaka, and Wiczer (2019).

More recently, Adao, Beraja, and Pandalai-Nayar (2018) also develop a Roy model in which,
but they restrict workers to choose their skills before entering labor markets. Once they entered
labor markets, their predetermined skills lead workers of different cohorts to choose among two
occupations in every period. Thus, workers of different cohorts have different skills and thus
select into occupations differently despite facing the same skills prices. Then, they use the model
to understand how economies adjust to an asymmetric technological advance, the speed of the
adjustment and the impact on income inequality. Instead, our paper emphasizes the evolution of a
worker’s human capital after the worker has entered the labor markets and how future valuations
and not only current payouts determine occupation switches.

Our model highlights how the workers’ reallocation across occupations impacts the rate of

growth of their earnings over their life-cycle. Recently, Lagakos, Moll, Porzio, Qian, and Schoell-



man (2018) have documented substantial cross-country differences in the experience-wage profiles,
which are on average twice as steep in rich countries as in poor countries. Our analytical aggre-
gation results allow us to transparently examine how technological differences that impact the
equilibrium price of skills ultimately lead to differences in the life-cycle wage profiles. We find
that at the aggregate level, those differences can imply large permanent differences in aggregate
human capital of countries, their aggregate income and inequality. Moreover, we show that once-
and-for-all task biased technological innovations may have long lasting effects on the growth rate
of the economy.

We use our framework to assess the general equilibrium response of task biased technical
change. To this end we use a relatively large number of occupations in our analysis, noting that we
are limited by adequate data, not by computing costs. Since the equilibrium aggregate production
is a nested-CES with differences in the elasticity of substitution between capital and labor across
different occupations, then investment specific technological change Greenwood, Hercowitz, and
Krusell (1997) will be non-neutral. Indeed, the resulting response in the model mimics a routine-
biased technological as proposed by Autor et al. (2003),Goos and Manning (2007) and Goos et
al. (2014), among others. We use our model to quantitatively assess the impact on polarization,
income inequality and aggregate human capital and output as workers switch from low-growth
occupations to faster growth ones.

To perform these experiments, we apply the recent dynamic-hat-algebra methods of Caliendo,
Dvorkin, and Parro (2019) which hugely reduce the number of parameters needed to calibrate or
estimate the model and perform quantitative counterfactual experiments. We extend the work
of these authors to allow for more general preferences (CRRA instead of log-preferences) and
human capital accumulation. Moreover, we show existence (and uniqueness in simple cases) of
the competitive general-equilibrium balanced-growth path, describing how the response of human
capital accumulation drives the transitional and long-run dynamics after an innovation disrupts

the initial equilibrium.

2 Evidence on Task-biased Innovations and Occupations

An extensive literature, partially reviewed above, has emphasized technological advances and the
ensuing job polarization and inequality. In this section, we focus on the empirical evidence for the
asymmetric effects across different types of occupations, which, following Foote and Ryan (2015),
we group into four broad categories: (1) non-routine cognitive, (2) non-routine manual, (3) routine
cognitive, and (4) routine manual.? Figure 1 shows the cumulative change in employment over
the four broad occupational groups between 1980 and 2017. The blue line in the figure (with its

scale in the right vertical axis) indicates the average earnings of workers in the four occupations in

4In particular, managerial and professional jobs are classified as “non-routine cognitive,” service jobs are classified
as‘“non-routine manual,” sales and office jobs are classified as “routine cognitive.” Finally, construction, repair,
production, and transportation jobs are all grouped as “routine manual.”



1980. Clearly, during the last four decades, U.S. employment has moved towards the non-routine
occupations, which are on the polar extremes of the average earnings distribution, and away from

routine occupations, which tend to be in the middle part of the earnings distribution.

Figure 1: Job polarization and earnings 1980-2017
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Note: Authors’ calculations using data from the Bureau of Labor Statistics and
the US decennial census of 1980 (public use microdata).

Specifically, Figure 1 shows that the total employment in non-routine cognitive occupations
more than doubled over the last four decades. Not as dramatic but still well above total employ-
ment growth, employment in non-routine manual occupations also increased substantially, around
65%. On the contrary, the employment in routine-cognitive and routine-manual occupations, in-
creased much less, both well below 20%. As shares of the total labor, employment in routine
occupations has fallen, while employment in non-routine occupations has increased. Under many
circumstances, the movement of employment towards the extremes and away from the middle of
the pay scale can lead to higher overall earnings inequality.

To explain the shift towards non-routine occupations, recent works have emphasized that
technological advances and new forms of capital equipment have displaced workers in routine
occupations. This is because many tasks in these occupations tend to be repetitive and easier to
codify using a well-defined set of instructions. In turn, these tasks can be easily automatized and
performed by machines or software, thus displacing labor from these occupations.

Our empirical analysis adapts the work of Autor and Dorn (2013) and Acemoglu and Restrepo
(2019), placing the focus on how technological innovations have impacted different types of oc-
cupations. The main idea is to use differences across local labor markets in their exposure to
the increase in usage of computers and industrial robots. To the extent that these forms of cap-
ital displace workers from some jobs, and, possibly, increase labor demand for others, differences

in the characteristics of occupational employment across commuting zones will lead to an above



(or below) average exposure in automation and routinization, and an above (or below) average
employment changes.

We estimate an empirical equation of the form:

A <Efccj> =a+ BAPC; + § AAPR, + v X, + ¢, (1)
Pop;

where the dependent variable on the left is the change between 1990 to 2007 in the employment
of occupational group j, relative to population, for commuting zone 7, and the variables APC;
and AAPR; are the changes in the exposure to computers (change in PCs per worker) and robots
(adjusted penetration of robots) for commuting zone i, respectively. X; are controls for commuting
zones’ characteristics. °

We construct the measures for the changes in the exposure to computers and industrial robots
at the commuting zone level as follows. For computers, we use the measure of exposure at the
commuting zone level from Autor and Dorn (2013).° This variable counts the number of personal
computers per employee at the firm level constructed by Doms and Lewis (2006), which Autor
and Dorn (2013) aggregate to the commuting zone level. For industrial robots, we construct the
measures of the change in exposure to robots following closely Acemoglu and Restrepo (2019). We
use information from the International Federation of Robotics (IFR), on the stock of robots used
in different countries around the world and in different industries by year. In particular, the IFR
has data for thirteen industries within manufacturing and for six broad sectors outside of manu-
facturing. Within manufacturing, we have data on apparel and textiles; automotive; basic metals;
clay, glass and minerals; electronics; food and beverages; industrial machinery; metal products;
paper and publishing; plastics, chemicals and pharmaceuticals; shipbuilding and aerospace; wood
and furniture; and a miscellaneous manufacturing category. Outside of manufacturing, we have
data for agriculture, construction, mining, research and education, services, and utilities. Detailed
industry-level data for the U.S. is available starting in 2004, which is why our measure for the
exposure to robots uses the change in the stock of robots between 2004 and 2007. As in Acemoglu
and Restrepo (2019), we re-scale our measure of exposure to robots to match the length of the
time period of analysis (1993-2007).7

Using information on industry employment for all the United States and for each commuting

zone in 1990, together with the stock of robots by industry, we construct the adjusted penetration

50ur controls X; include census division dummies for the commuting zones. All the regressions are weighted by
commuting zone population in 1990 and, when necessary, we rescale all variables proportionately to get a 14-year
equivalent change (from 1993 to 2007).

6This variable was first computed by Doms and Lewis (2006). We take this variable from David Dorn’s website:
http://www.ddorn.net/data.htm.

"We ended our analysis in 2007 to prevent the effects of the Great Recession from confounding our results.
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of robots as follows,®

K
EF (AMF, M*
AAPRz:ZF( Bk —4g Ek)7
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where E¥ is the employment in industry k of commuting zone i in 1990, F; is total employment
of the commuting zone in 1990, ¢* is the growth rate of output of industry k& and M¥ is the stock
of robots in industry k.

We construct the dependent variable in equation (1) using data from public use microdata
sample of the American Census of 1990 and the American Community Survey (ACS). Our sample
is restricted to employed individuals between the ages of 25 and 65 that work for a wage or salary
(not self-employed) in the private sector. In this way, our sample selection criteria follow closely
Acemoglu and Restrepo (2019). The data contains information on the occupation of individuals,
which we then aggregate into the four main occupational groups. Because of the potential en-
dogeneity of our regressors, we estimate equation (1) via two-stage least-squares, instrumenting
the variables APC; and AAPR; as follows: First, as Autor and Dorn (2013), we construct an
instrument for the change in PCs per worker using industry and occupation information twenty
years before the start of the period of analysis. Let Ej;1970 equal the employment share of in-
dustry £ € 1,2,...K in commuting zone 7 in 1970, and let Ry ;1970 equal the routine occupation
share among workers in industry & in 1970 in all commuting zones except commuting zone i. The
product of these two measures provides a predicted value for the routine employment share in
each commuting zone, which depends only on the local industry mix in 1970 and the occupational

structure of industries nationally in 1970,

K

RSH; = Z Ey i970 * R —i 1970- (2)
=1

Second, we follow Acemoglu and Restrepo (2019) and construct an instrument for the APR in the
United States using the changes in the stock of industrial robots in several European countries
by industry and using a similar formula as before, but replacing M* by the stock of robots in
European countries in industry £.°

Table 1 presents our empirical findings. The data clearly support the hypothesis that the
introduction of robots and computers has had diametrically different impacts across occupations.
In particular, as robots and computers take over tasks previously performed by workers in routine
occupations, the demand for those workers is reduced, while the demand for workers in non-
cognitive occupations seems to increase.

First, consider non-routine cognitive occupations. The estimates in the upper-left panel of

Table 1 indicates that there is statistically significant evidence that a higher exposure to computers

8 We use public microdata on employment by industry and commuting zone from the American Census of 1990.
9The change in the stock of robots is between 1993 and 2007, and the European countries we use are Denmark,
Finland and France.

11



leads to a higher employment rate in those occupations. This suggests that the productivity of
managers and professionals may have increased by the enhanced provision of routine tasks from
computers. The positive effect is robust to including robots in the regression. Robots by themselves

do not seem to have significant effects on cognitive non-routine occupations.

Table 1: The effects of the increased use of robots and computers on different occupations

Non-Routine Cognitive Non-Routine Manual

(1) (2) (3) (1) (2) (3)
Change in PC’s 1.163** 1.142*% | 0.596 0.585
per worker (2.59) (2.55) | (1.69) (1.71)
Adjusted Exposure -0.087 -0.082 -0.047 -0.044
to Robots (-1.61) (-1.55) (-0.66) (-0.66)
observations 660 722 660 660 722 660
Adjusted R? 0.172  0.164 0.175 | 0.174 0.170 0.176

Routine Cognitive Routine Manual

(1) (2) (3) (1) (2) (3)
Change in PC’s -3.158%** -3.132%FF* | 1.471%* 1.314*
per worker (-6.22) (-6.25) | (2.28) (2.19)
Adjusted Exposure 0.118 0.105 -0.622*%**  _0.616%**
to Robots (0.93) (1.01) (-6.04) (-6.45)
observations 660 722 660 660 722 660
Adjusted R? 0.170  0.095 0.174 | 0.283 0.361 0.364

Note: regressions use robust standard errors. t-statistics in parenthesis.

Second, consider the impact on the employment in non-routine manual occupations. The re-
sults are reported in the upper-right panel. For those occupations, neither computer nor robots
have statistically significant impacts. These results suggest that neither of these forms of techno-
logical innovations substitute or complement the workers in non-routine manual occupations, i.e.,
services, or that, at least at these levels of aggregations, the effects cancel out.

Third, consider the employment in routine manual occupations, reported in the lower-right
panel. For these occupations, computers and robots appear to have opposite effects. On the one
hand, there is significant evidence that exposure to robots reduces the employment rate in those
occupations. On the contrary, although only marginally significant, the exposure to computers
seems to enhance the employment in these occupations.

Finally, as shown in the lower-left panel, there is strong evidence that computers reduce the

employment rate in routine cognitive occupations. The effects are statistically significant, and
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robust to the including or not robots, which are not significant. Most interestingly, the magnitude
of the effect of computer is the highest across the four groups of occupations.

Overall, these simple results indicate that the introduction of new forms of capital —and the
technological innovations embedded in them— have strong and asymmetric impacts across the dif-
ferent occupations. The overarching message is that, on the whole, robots and computers are task-
biased innovations that displace routine occupations and possibly favor non-routine occupations.
The results suggest an intuitive dichotomy, whereby computers disrupt cognitive occupations and
while robots disrupt manual occupations, but both disruptions in the same direction, displacing
routine workers and favoring non-routine ones.

The aggregate and individual consequences of task-biased technological innovations crucially
depend on how mobile are workers across occupations, and what is the impact of occupation
transitions on the human capital of workers. These two margins not only determine the extent
of job polarization and earnings inequality, but also, at the macro level, the impact on aggregate
output, factor output shares and welfare, and at the individual level, occupational choices and
earning dynamics. With those issues in mind, we now construct a quantitative model for the
reallocation of workers and their human capital across occupations and use it to examine the
aggregate consequences of task-biased technological innovations on employment and factor income

shares, aggregate income, inequality and welfare.

3 A Canonical Worker’s Problem

We consider an infinite horizon maximization problem for a worker with standard preferences. At

any time t = 0, 1, 2, ..., the utility of the worker is given by

)

= S(Ct+s
;6—1_7 ]

where 0 < < 1 is a discount factor (which accounts for a constant survival probability) and

1=y
v, @ g
L=y

v > 0 is the coefficient of relative risk aversion (CRRA.) For v = 1, we interpret the flow utility

to be logarithmic, i.e. In¢.

3.1 Dynamic Roy Models: Challenges

The worker starts each period t = 1,2, ... attached to one of j = 1, ..., J occupations, carrying over
from the previous period a vector of human capital x of size J which describes the efficiency units
of labor of this worker in each of the J occupations. To set up our framework, we first specify
the general dynamic problem of the worker given a time-invariant vector of strictly positive (and
finite) wages per unit of human capital w = [wl,w2,...we...,w‘]] Therefore, the worker’s earnings

for the period given her current occupation j are wiz].
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In our model, workers are dynamic optimizers, with their human capital returns as their sole
source of income in every period. The worker’s consumption in each period is simply the current
earnings w’ xi . For simplicity, we assume that the evolution of human capital depends on worker’s
occupational choices, the current level of human capital in all occupations and some random
idiosyncratic forces.!® This minimal set of assumptions allows us to write the problem recursively

in the following way,

. 1—
(w’ x;) 7

V(j,l'l,xg,-..,l'J): 1_7

+ 3 m?x{E [V (0,2, 2%, ..., 7))

j7$17x27"'7$J:|}

This dynamic Roy problem is quite general. It only assumes a first order Markovian dependence
of human capital. However, solving for a dynamic general equilibrium model with this level of
generality and for a non-trivial number of occupations is extremely challenging. On the one hand,
the problem of the worker has the whole vector of human capital as a state variable. With a
medium to large number of occupations, this is a high-dimensional object, rendering the problem
intractable. On the other hand, solving for the general equilibrium requires an aggregation of
individual labor supplies for all markets, which, in a non-stationary environment, requires also the

characterization of the dynamic evolution of the aggregate labor supplies in all occupations.

3.2 Main assumptions

Additional assumptions are needed for a tractable dynamic problem that can handle a large
number of occupations and make the model suitable for aggregation and general equilibrium. Our
assumptions closely connect to recent works on static Roy models with Frechet distributed shocks,
extending this literature to a dynamic general equilibrium context.!'*

The two key aspects in a worker’s vector of skills, z € R”, are his absolute advantage and the
comparative advantage across occupations. The first one is given by the magnitude of the vector,
|||, and defines a common factor on how productive the worker is across the different occupations.
The second aspect is determined by the direction of the vector, z(j)/x(k), 1 < j # k < J, and
generally determines his best occupation choices.

The first key assumption in our analysis is the homogeneity in the utility function of workers
and in the law of motion of their human capital. In particular, we assume standard constant
relative risk aversion (CRRA) preferences and a linear law of motion for the absolute level of skills

of workers.'? Under these assumptions, we can factor out the absolute advantage ||z;|| of workers

0These assumptions are common in the literature, see for example Lee and Wolpin (2006).

"The literature on static general equilibrium Roy models with Frechet distributed shocks has recently been
applied to a large number of interesting questions. See for example Burstein et al. (2018); Galle et al. (2017); Hsieh
et al. (2019); Lagakos and Waugh (2013).

12]0g-preferences are also allowed as a special case. See Alvarez and Stokey (1998) for a detailed analysis of
dynamic programming problems with homogeneous functions.
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and their comparative advantage fully determines the optimal occupation choices for workers.

The second key assumption is a simple Markov structure for the comparative advantage of
workers. In particular, conditional on worker characteristics and, possibly other pre-determined
variables, the current occupation and idiosyncratic random labor market opportunities determine
the comparative advantage of workers across occupations. In our model, a matrix 7 determines the
transferability of skills from each occupation to all others. The diagonal entries of such a matrix
govern the average growth in skills in each occupation while the off-diagonal terms capture the
different depreciation rates associated with occupation mobility. Moreover, a matrix y determines
non-pecuniary costs or benefits of moving across occupations. In addition to these pecuniary and
non-pecuniary costs, in each period, workers realize random labor market opportunities across
all occupations. Thus, in each period, the worker’s human capital for the next period, in each
occupation, is governed by the current occupation, the transferability matrix 7, the absolute level
of skills ||z;|| and a random component for each of the occupations. The absolute level of skills
||z¢|| of workers will grow over time, encoding the worker’s entire history of labor market choices
and opportunities.

Our assumptions lead to a recursive formulation in which workers optimally self-select across
occupations, on the basis of the random opportunities, the human capital transferability and
non-pecuniary costs of moving, 7 and x, and endogenously determined valuations of occupations.
These valuations solve a fixed point problem that incorporates not only the current prices of
skills, but also the future occupation alternatives for workers. At the individual level, the model
generates a simple probabilistic model, in which job transition probabilities capture persistence in
occupation choices and internalize self-selection and the current and future returns of jobs. At the
aggregate level, the model is very tractable for general equilibrium, since it leads to very simple

aggregation of the workers and human capital across the different occupations.

3.3 Individual problem

The worker starts each period ¢t = 1,2, ... attached to one of j = 1, ..., J occupations, carrying over
from the previous period an absolute level of human capital h > 0. Available for the next period,
the worker realizes a vector €, = [€;, €7, ...€}....¢/ | € R] of labor market opportunities. Each entry
in the vector corresponds to the labor market opportunity in the respective occupation. On the
basis of these opportunities, the worker chooses to either stay in the current occupation j or to
move to an alternative occupation /.

Switching occupations entails costs (or returns) which we specify as follows: A J x J human
capital transferability matrix, with strictly positive entries, 7;,, determines the fraction of the
human capital h that can be transferred from the current occupation j to a new occupation ¢. On
average, there is depreciation if 7;, < 1 or positive accumulation if 7;, > 1. The diagonal terms,
7j;, may be higher than one, capturing learning-by-doing, i.e. the accumulated experience capital

of a worker as he spends more time in an occupation j. These diagonal terms 7;; may vary by
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occupation j. The off-diagonal terms 7;, may be less than one to capture a potential mismatch
between the human capital acquired in one occupation and the productivity of the worker in a
different occupation. Still, some of the off-diagonal terms could be greater than one, capturing skill
transferability and cross-occupation training or upgrading. In our specification, these occupation-
switching costs have a permanent impact on the human capital of the worker for all future periods
and for all future occupation choices. In addition, a J x J utility cost matrix, with strictly positive
entries, x,¢, captures the non-pecuniary costs (or benefits) of switching from current occupation
7 to occupation £. These costs shape the occupational decision, but have no direct impact on
current or future earnings. We assume these non-pecuniary costs are proportional to the expected
lifetime utility of the destination occupation at the time of making the decision.

The human capital of the worker evolves according to the labor market opportunities ¢, and
the occupation choice of the worker. Given a level of human capital, h, a current occupation 7,

and a vector €, € ]R_{ of labor market opportunities, the vector
ht Ty, ® € € Ri,

describes how many efficient units of labor services, or effective human capital, the worker can
provide for each of the alternative occupations ¢ = 1,...,J. Here the operator ® denotes an
element-by-element multiplication (Hadamard product). After choosing which occupation to take,

the scale of the human capital level for the worker for the next period would be

ht+1 == htTjt,étJrl Ef,t’ (3)

where j, and ¢, indicate, respectively, the occupations at period ¢ and ¢ + 1.3 It is important to
highlight that the role of variable A this model. On the one hand, it is an absolute level of general
human capital (or an absolute advantage across occupations). On the other, all the past history
of the worker in terms of different occupation choices and realization of idiosyncratic shocks e, is
summarized in a single value for h. In this way we sacrifice some generality in favor of tractability.

We now set up the problem of the worker recursively, and provide additional structure to
derive a sharp characterization of the optimal choices. Denote by V' (7, h, €) the expected life-time
discounted utility of the worker. The Bellman Equation (BE) that defines this value function is,

i e
V(ihe) = Whe)

+ ﬁmeax {xje E«V [0, W, €]}, (4)
where E. [] is the expectation over the next period’s vector of job market opportunities and A’ is
given by equation (3.)

To characterize this BE, we first show that it can be factorized, i.e. its value can be decomposed

13We can use a slightly more general function for human capital accumulation, but, as discussed next, we require
it to be homogeneous of degree one in h.
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into a factor that depends only on the current occupation and labor market realizations, (7, €),
and another factor that depends only on the absolute level of human capital, h. This can be
done for any generic distribution for the labor market shocks e for which an expectation satisfies
a boundedness condition. In all what follows, we assume that € is distributed independently over
time and across workers, and that all the required moments involving € are finite and well defined.

First, note that if occupation ¢ is chosen, then, the next period human capital is A’ = h ;€.
Then, observe that the period utility function is homogeneous of degree 1 — ~ in h. Therefore,
under the hypothesis that the value V (j, h,€) is homogeneous of degree 1 — v in h, for any
pair (j,€), it can be factorized into a real value v (j,¢) and a human capital factor h'=7 | i.e.,
V (j,h,€) = v (j,e) h!=7.1* Under this hypothesis, the Bellman Equation (4) becomes

— 4+ max {Xj’g Eo vl ) (ijgeé)l_v}) ',

Simplifying out the term h'~7 we end up with

(w? &)

v =T

+ i max {Xj,g (Tﬂeg)lﬂ Eo v (¢, e’)]} , (5)

which verifies the factorization hypothesis. Therefore, the characterization of V' (j, h, €) boils down
to the characterization of v (j,€), a random variable that depends on each realization e. For all

occupations j = 1,...J, denote by v/ the conditional expectation of this random variable, i.e.,
v = Ecfv(je)].

Using this definition, and taking the expectation E.[-] in both the right- and left-hand sides of

(5), the equation reduces to a recursion on v’:

AN a
TJ% + BE. max, HXM [Tj,g eql va}] , fory#1,
v = (6)
n\7; EZ
Y/ +Ilnw’ + BE, {maxe {vz + lmec) (1]_2 )}} , for v =1,

where Y/ = E[(¢/)177] for v # 1, and Y/ = E[log(e’)] if v = 1, are scalars that are specific to
occupation j.

For all v > 0, the following lemma establishes simple conditions on the stochastic behavior of
the labor market opportunities of workers, that guarantee the existence and uniqueness of values
v € R’ that solve (6). All along, we assume that 7;, > 0 and x;, > 0 for all j, ¢ and that the
support of € is [0, 00) for all /.

For the logarithmic case, v =1, V (4, h,€) = u; + 3 [maxe {w + WH, as shown in the Appendix.
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Depending on the value of v, and for each j =1, ..., J, we define the terms, ®; as follows:

EE maxy {XM [le 65]177} s for 0 S Y < 1,
¢; = E.maxy {In (7€)}, for v = 1.
E. miny {[Xj,g Tie 64]1_7} ,  fory>1.

Also, conditioning on the relevant definition of ®; for each 7, we define

® = max ;.
J
The following lemma shows that if the average labor market opportunities available to workers are
bounded, as summarized by bounds on ®, then, we can guarantee that the dynamic programming

problem (6) has a unique and well-defined solution.

Lemma 1 Let w € Ri be the vector of unitary wages across all occupations J. Assume that
preferences are characterized by a CRRA «v > 0 and that the costs 7;, and x;, and labor market
opportunity shocks € satisfy the assumptions above. Then: (a) for all 0 < v # 1, if B® < 1, then

N
there exists a unique, finite v € R’ that solves v/ = Tj% + BE,. max, [XM {[Tj’g ¢] = U‘Z}]
for all j. Moreover, if v < 1, the fized point v is positive (v € Ri) and if v > 1, the fixed
point v is negative (v € R7). (b) For the special case of log preferences, v = 1, if —oo0 < ®; <

400, V4, and 8 < 1, then, there exists a unique, finite v € R”7such that v/ = Y/ + Inw’ +

n\7; Eé
BE. {maxe {ve + 1(1]—2)}] for all j.

Appendix A contains the proofs for this and all other analytic results in the paper.

This lemma only verifies existence and uniqueness of the conditional expectations v/, while
the realization € of the labor market opportunities determines the actual realized value v (7, €). In
what follows we impose additional structure so we can characterize the behavior of v (j,€) and
the optimal occupation choices derived for the solution to the dynamic programming problem of
workers. To this end, we add the assumption that each element in the vector of labor market
opportunities € is distributed according to an extreme value distribution. Specifically, we impose
that in each period, the labor market opportunity € shocks for each labor market (, are each
independently distributed according to a Frechet distribution with scale parameter N\, > 0, and
curvature o > 1. Notice that the curvature parameter is the same for all occupations but the
scale parameters can vary across occupations.

Having impossed a Frechet distribution for e, define for all pairs j,¢ € J x J,

Xt T;lﬂ)vz, for v # 1,
Qe = (7)

lnT'g YA .
5 T, for v = 1.
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Then, the normalized BE can be succinctly rewritten as

w + Bmax, {ng (eé)lﬂ} , fory#1,

v(je) = Z ®)
u? + B maxy {ng - hi(_efj) } , for v =1.

We now provide a simple result that indicates that given any admissible vector v € R,
regardless of whether it is or not the fixed point of the BE (6), the resulting random variable
v (j,€) is closely related to one of the extreme value distributions (scaled and displaced): (a) if
0 <~ < 1, then v (j,€) is related to a Frechet with curvature parameter a/ (1 —~); (b) if v = 1,
then v (j, €) is related to a Gumbel with shape parameter 1/a; (c¢) if v > 1, then v (j, €) is related

to a Weibull with curvature parameter a/ (7 — 1).

Lemma 2 Derived Distributions. Let € be a random variable distributed Frechet with scale

parameter Ny > 0 and curvature o > 1, i.e. its c.d.f. is F. (e) = ef(ft) . Define:

= (ee)l_7 for0<~y#1
Tl m (ee) fory=1.

Then x, is distributed as follows:

Frechet( « ,()\5)1_0 for0 <~y <1,

~

Ty~ Gumbel( , In () ) for~v=1,
Weibull <F )\g)’y_l) for v > 1.

1’

R Q= |

It follows that the terms in curly brackets in (8), with the product of Q and the transformation
of € with respect to the CRRA parameter, will follow one these distributions.!®

We now complete the characterization of the worker’s problem, under the assumption that all
the entries of ¢ are independently Frechet distributed. The following theorem provides a simple,
sharp characterization for the fixed point problem v/ that solves (6) and for the optimal occupations

decision of workers.

Theorem 1 Individual Problems. Assume for all ¢ = 1,...J, the shocks €, are independently
distributed Frechet with shape o > 1 and scales \; > 0. Assume also that all w® are strictly positive
and that either (i) v # 1 and O < 1 or (i) y=1, 8 <1 and —oo0 < ®; < +o0 for all j. Then:
(i) If 0 < v < 1, the expected values v/ for j = 1,...,J solve the fized point problem

1—v

«

vf—Tﬂ’—(wj)l_7+ﬁr [ — i( )T (1iehe)"
= 1—~ o Xj.k JeNE

/=1

15Note also that Lemma 2 allows us to characterize the value of Y7 given the parameters of the distribution of
Ej.
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A finite solution v € Ri for this BE exists and is unique. Moreover, the proportion of workers

switching from occupation j to occupation { at the end of the period is given by:

[Aﬂje (e ") ﬁ] )

> i [)\Njk (X U"“)ﬁ] "

(i, 0) =
(i1) If v = 1 the expected values v’ for j =1, ..., J, solve the fived point problem

J
v! = Y7 4 log(w’) + ﬁ log [Z exp (a (1 — B)v" + alog(ry) + alog(Ae) + ak) | |
=1

where k is Euler’s constant. A solution v € [v, 9]’ for this BE exists and is unique. Moreover, the

proportion of workers that switch from occupation j to occupation ¢ is given by:

(.0) = exp (a (1 — B)v* + alog(tje) + alog(N) + Ii)
HAE = Zizl exp (o (1 — B)vk + alog(rj) + alog( M) + k)

(iit) If v > 1, the expected values v’ for j =1, ..., J solve the fized point problem

1—v

vl = Tjw — BT (1 — 1__7) [ZJ:(—X-MZ)SW (T‘e)w)a] N :
1—7 «Q ” !

- =1

A solution v € [uv, O]J for this BE exists and is unique. Moreover, the proportion of workers

switching from occupation j to occupation £ at the end of the period is given by:

p(,0) = J[ANJ[ (_Xj,evﬁ)l—lwr‘ a
> k=1 [Amkz (—Xj.k Uk)lw]

3.4 Implied Distributions of Workers and Human Capital

We now describe how the occupation choices of each worker shape up the limiting behavior of
the cross-section distribution of workers and aggregate human capital (and earnings) across the .J
occupations in this economy.

Distribution of Workers Across Occupations. Notice that the homogeneity of the value
function implies that the transitions p7* are independent of the worker’s level of human capital,
h, i.e. his absolute advantage. Let 6, = [0}, ...,0/] denote the 1 x J vector indicating the mass of
workers in each of the occupations j = 1,2, ..., J at time . Since in this section we are taking the

vector of wages w as time invariant the transition matrix p is also time invariant. Therefore, the
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evolution of 6 is described by following equation,

01 = 0y .

Under the assumptions that 7;, > 0, every entry of the stochastic matrix p is positive, i.e.
for all j,¢, 7 > 0. Under this basic mixing condition, standard results for Markov chains (e.g.
Theorem 11.2. in Stokey, Lucas Jr, and Prescott (1989)) it follows that there exists a unique

invariant distribution

‘900 = 900 1, (9)

and that from any initial distribution 6, the employment distribution across occupations will
converge to it, i.e.: limy_,o Opp’ = 0.

Distribution of Aggregate Human Capital Across Occupations. Given that the indi-
vidual labor market opportunities or productivity shocks for all workers are distributed Frechet, a
continuous distribution with full support in the positive reals, then the aggregate human capital

assigned to occupation j is given by,
=6} [ noi(an),
0

where ¢ (-) denotes the positive measure that describes the distribution of human capital levels h
across the workers in occupation j in period .

Characterizing the evolution of Hg over time suffices to determine the general equilibrium of
the economy as we discuss in the following section. Towards that end, we first characterize the
conditional expectation of the shocks € for those workers that switch from any occupation j to

any occupation /£:

Lemma 3 For all non-negative v # 1, the expectation of the labor market opportunity shock €, of

workers switching from j to € is given by the following equation:
1 S §
1— 1— o
E €[|ng Eé T = m’?x {ngEk 7}} = F (1 — a) )\g [,U,Jq s (10)

where p* is the corresponding occupation switching probabilities as derived in Theorem 1.

A worker with human capital h in occupation j will switch to occupation ¢ at the end of the

: a1
period with probability p/‘, bringing an average I (1 — é) Tje e [uﬂ] > h of human capital skills
to that occupation. Define M to be the transition matrix of aggregate human capital, with j, /¢

element defined as: |
A 11
vt n (1) oy

«Q

The matrix M is time invariant when wages are constant over time. The linearity in h allows an

easy aggregation of human capital in each occupation and also to characterize the law of motion
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for aggregate human capital. Let H; = [Htl, HZ, ..., Ht"] be the 1 x J vector of aggregate human

capital across all occupations j in period ¢. Then, for time ¢ + 1, that vector evolves according to
Ht+1 = Ht M

It is worth remarking that we can characterize the evolution of the average (or total) skills of
workers across the different occupations, without having to solve for the within-occupation cross-
section distribution of skills and earnings. This result is useful since we can easily solve for the
aggregate supply of efficient units of labor in each occupation at each t. The matrix M is strictly
positive, i.e. M7 > 0. Then, from the Perron-Frobenius theorem, the largest eigenvalue of M is
always simple (multiplicity one), real, and positive.' Moreover, the associated eigenvector to this
so-called Perron root, which we denote by G, has all its coordinates, H’, j = 1, ..., J, strictly

positive. Moreover, in the limit, the behavior of all Htj will converge to

Hg—i-l = GHHga

for all 7 =1,...J. This is precisely the definition of a balanced-growth path (BGP) for the vector
of aggregate human capital {H,},~,. Notice that the model can naturally generate a Perron
eigenvalue greater than one Gy > 1, i.e. sustained growth of the human capital of the workers,
even if the unitary wages w’ and the cross-section distribution of workers 6., remains constant,

‘ in each occupation is equal to (or even lower than) one. The

and even if the average realization €
engine of growth of the individual worker’s earnings is that workers continuously select the most
favorable labor market opportunities.!”

We summarize the results for the implied population dynamics of workers and human capital
aggregates, {0;, H, },~, in the following proposition.
Proposition 1 Assume that the unitary wage vector is strictly positive, w € Ri +, and that the
conditions for Theorem 1 hold. Then: (a) There exists a unique invariant distribution of workers,
i.e., Ooo = Ooo i1, with 67, >0 for all j and Z;le 0, = 1. Moreover, the sequence {0;};°, induced
by (9) converges to O, from any initial distribution 0y. (b) There is a unique BGP of aggregate
human capital across occupations, Htj/Ht1 =K for all j, where b7 is equal to the ratios of the j*"
coordinate to the first coordinate of the Perron eigenvector. Moreover, the economy converges to

Hyo1 = Gy - Hy from any initial vector Hy € R7.

The problem of the worker presented so far can be easily extended to capture worker hetero-

geneity along permanent characteristics (gender, race, formal education) as well as age. As shown

16See for example, Gantmacher (1959), Theorems 1 and 2 of Ch.XIII, Vol. II.

17This result is reminiscent of the mechanism in the models by Luttmer (2007) and Lucas and Moll (2014) in
which selection on favorable realization of idiosyncratic shocks endogenously generates growth at the aggregate
level. Note however that in our model it is possible for a single worker to get a realization of shocks ¢ below one
for all components, which implies that human capital will decrease for this individual if 7 < 1.
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in Appendix D, the setting can be quite flexible in allowing differences in group specific parameters

group group group
(A7 v Tie s Xje

), thus allowing differentiating between the human capital accumulation that
arises from labor market experience from other factors that affect the human capital of workers.
Extending the model for age differences would capture differences in the horizon of workers and
their dynamic valuation of switching occupations.

In the Section 4, we embed the workers” problem into a production economy, and extend the
results derived here to characterize the general equilibrium of such an environment. Then, in
Section 5, we use the model to quantitatively examine the dynamics of occupation choices, income
inequality and growth in the U.S. economy. To this end, we craft our model within a simply

demographic structure in which new workers enter very period and some active workers retire.

3.5 Cohorts

We embed our model into a simple demographic structure with workers of multiple ages. Con-
cretely, we employ a simple perpetual youth model, in which a constant mass 0 < § < 1 of new
workers enter every period, and every period, the same fraction of previously active workers die
and leave the economy. Thus, the discount factor in our previous analysis encompasses both a
pure time discount factor and a survival probability (1 —¢). However, we now need to specify
the decisions of new workers, and to account for the overall population of workers in each period,

which is composed by cohorts of many different ages.

3.5.1 New Workers

In the period before entering the labor market, all new workers have one unit of human capital,
h™" = 1 and face an occupation choice similar to that of the active workers. However, new
workers are not attached to any particular occupation. Their choices will therefore be determined
O,J} 01 102 XO,J}

human capital and the employment decisions of new workers in each occupation.'®

by vectors 70 = [7%1, 792 .. 70/] and x° = [x , which affect the amount of
Under these assumptions, the vectors of employment shares and initial human capital of new

workers across occupations are given by

and

(%

H0<]) =T (1 — l) 7_O,j )‘j [007]] 1_% '

18 As in the previous case, these two different set of parameters, 7° and x° provides the model with the flexibility
to match both the occupational choices of entering cohorts as well as the differences in average earnings (human
capital) across occupations for the entering cohort.
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Both expressions are similar to those of active workers. They highlight how entering workers
choose their initial occupation according to the values v/ and their average initial human capital

is determined by their optimal job selection.

3.5.2 Stationary Distributions of Workers and Human Capital

Then, we compute the values of v, the transition matrices y, M, and the entrants employment
and human capitals #°, H°. Then, for any age s = 1,2, ..., the employment shares will follow
6° = 61, Out of these, only a fraction (1 — ) survives. As for human capital, the total mass
of human capital for the next period of each cohort of workers is given by H® = (1 — ) MH*™L.

For the economy as a whole, the steady state employment shares across all cohorts is given by
0=060[1—(1—06)pu".

which always exists, since p is a stochastic matrix and its highest eigenvalue is 1. Similarly, the

steady state J-vector of aggregate human capital levels accross all cohorts would be given by
H=0H'[I-(1-8)M]".

It is interesting and important to highlight that H might not be well defined. Indeed, if the
Perron root of M is higher than (1 — 5)_1, then the average growth of the surviving workers more
than compensates the rate at which they die, the aggregate human capital of each cohort grows
over time, i.e. H® > (1—0§)MH*' and the country’s human capital vector H, = Y ., H*
would grow without bounds over time, eventually, at the rate (1 — ) Gy. We now illustrate the
behavior of the economy, highlighting the impact of relative unitary wages in the determination
of the aggregates. We re-state the implications of our dynamic Roy model with cohorts for the
implied dynamics of workers and human capital aggregates, for the population as a whole and for
each cohort.

J
++7

that the conditions for Theorem 1 hold. Then: (a) There exists a unique invariant distribution of

Proposition 1 (Cohorts) Assume that the unitary wage vector is strictly positive, w € R and

all workers,

=061 —(1—0)pu".

where the initial distribution 6y 1s induced by the optimal occupation choices of young workers.
(b) Generically, there is either: (i) a unique stationary stock of human capital across occupations
if Gg(1 —§) < 1. Such a stock is given by

H=§H[I—(1-0)M]",
where the initial distribution Hy is induced by the optimal occupation choices of young workers;
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or (it) a unique BGP of aggregate human capital across if Gy(1 —0) > 1. If so, all entries in
the vector of human capitals asymptotically grow at the rate Gy(1 — §) and settle in the Perron
(dominant) eigenvector, i.e. HJ/H} = hi for all j, where b7 is equal to the ratios of the j*™

coordinate to the first coordinate of the Perron eigenvector of M.

3.6 A Numerical Illustration

In this section, we illustrate the key mechanisms of the model. We center our discussion around
two main themes. First, we highlight the importance of dynamic occupation choices, not only for
the aggregate allocation of labor across jobs types, but also for the long run income level and its
distribution across the different workers. Second, we use these numerical illustrations to advance
the analysis of the impact of task biased technical change that affect occupations asymmetrically.

For these numerical illustrations, we aim to mimic an economy in which occupations differ
along two dimensions: (a) jobs that are either manual (M) or cognitive (C), and (b) jobs that
are either routine (R) or non-routine (N). Thus, we consider an economy with four occupations,
J = 4, that differ in both their unitary skill prices, w;, and their implied dynamic path for the
human capital of the workers, as delineated by the transferability of skills 7 (7, -).

We set the vector of unitary skill prices w and the transferability matrix 7 [7, £] to be:

WMR 125/tbtc 1.000 TRN TMC TMC * TRN
WMN 1 : TNR 1015 7me - TNr T™MC

w = = ,and 7 [, 0] =
WCR 125/tbtc TCM TCM * TRN 1.015 TRN
WCeN 1 TCM " TNR TCM TNR 1.050

where tbtc is a ‘task-biased technological change’ shifter that reduces the productivity of routine
occupations. We use this shifter to compare different economies as explained shortly.

For the transferability of skills, we impose a simple structure whereby the costs of switching
occupations depend on whether the current job differs from the new job in one or two dimensions
and also the direction of change. Specifically, we set 7cpy = 0.95, 7yr = 0.95, Ty¢ = 0.7, and
Try = 0.6. With these numbers, a worker that switches from a cognitive to a manual job, but
otherwise maintains the routine or non-routine nature of his occupation, would be able to transfer,
on average 95% of his skills. If on top of that, the worker is also switching from a non-routine
to a routine job, he will only be able to transfer on average 90.25% = 7car - Tvg of his existing
skills. Moreover, this parametrization imposes that it is more difficult to switch from routine to
non-routine and from manual to cognitive than the respective moves in the opposite directions.
Finally, we parametrize the diagonal entries of the matrix so that staying in manual-routine jobs
implies average zero growth in human capital, staying in manual-non routine or cognitive-routine
jobs lead to low growth, 1.5% per period. Cognitive-non routine jobs are not better paid in terms

of unitary wages, but they lead to a much higher growth rate, 5% per period, for the worker’s
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human capital and earnings.

Having thus parametrized the matrix 7, we normalize the Frechet distribution of labor market
shocks €; to be A =[1, 1, 1, 1] /T (1 — 1/a), where we set the curvature of those distributions to
be a = 15. We assume for the discount factor, g = 0.95, a standard value for an annual model.
We set CRRA, v = 2, also standard value in quantitative macro. In these illustrations, we set
§ = 0.04. Finally, for the new workers, we set the transferability vector to be 70 = [1, 1, 1, 0.65].
In this way, new workers can more easily enter occupations that are either manual or routine, while
cognitive non-routine jobs are more difficult to find right off the bat as their initial occupation. We
emphasize that these parameter choices are chosen just to illustrate the mechanics of our model.
Our quantitative exercises are in Section 5.

We use this parametrization of our model to compare economies with values of tbtc that range
from 1 to 1.25. A higher value of tbtc can be seen as task-biased technological change because
it reduces the price of routine labor, both in manual and cognitive occupations. For clarity, we
keep the price of both non-routine occupations constant, i.e. tbtc does not lead to an increase
in their price. Under these circumstances, we highlight a key mechanism of our model: that the
reallocation of workers from routine to non-routine can lead the economy to sustain much higher
levels of aggregate human capital and per capita income. This mechanism would be even stronger
if tbtc also increases the productivity of non-routine occupations.

We divide our numerical illustrations in three parts. First, we compare the steady-states
associated with different levels of thtc. Second, we examine the transition dynamics of an economy
that permanently moves to a higher task-biased technological level. Third, we examine the impact
of mobility costs, both across steady-states or BGPs and for transitional dynamics.

Overall, these exercises show that the endogenous response in the aggregate accumulation of
human capital can lead to substantial differences across steady-states. Indeed, the response in
aggregate human capital accumulation can be so strong that higher levels of tbtc lead to a regime
change, whereby the economy switches from having a steady state to exhibit endogenous sustained
growth. For the transition dynamics, we show that the model generates non-monotone and a very
slow transition that, for many periods, can be easily confused with sustained growth. Finally, we
find that the costs of moving human capital across occupations have a profound impact on the
aggregate dynamics, not only across steady-states and BGPs, but also for the transition from a
steady state with low tbtc to another with a higher tbtc.

3.6.1 Cross Steady-States Comparisons

We start by showing that task-biased technical change in our model economy can easily replicate
the patterns of job market polarization and between-groups earnings inequality discussed in Section
2. We compute the implied steady states associated with the vectors of unitary wages w for values
of tbtc ranging from 1 to 1.25. For low tbtc levels, the wages of routine occupations are high and as

shown in panel (a) of Figure 2, their employment shares in those occupations (black and magenta)
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would almost completely dominate the economy. For higher levels of tbtc, the unitary wages of
non-routine catch up and their implied faster accumulation of skills would attract workers to those
occupations. In this example, for tbtc close to 1.25, non-routine occupations become dominant.
This pattern mimics the labor market polarization discussed above, and is even stronger when
we look at the human capital as shown in panel (b) of Figure 2 with the share of total earnings
of each occupations. Finally, panel (c) of the figure shows that a strong widening gap between
the average earnings of workers in cognitive non-routine occupations relative to all the others.
Here, we compute the values w;H JT / QJ-T relative to the average GDP. It shows that while in an
economy with tbtc=1, cognitive non-routine workers would earn on average the same earnings as
manual-routine and cognitive-workers, once those workers are in an economy with thtc=1.25 they
can earn up to 5 times more than the workers in the other occupations. Obviously, these numbers
are not driven by the pure price impact of tbtc because it is much smaller, but instead it is driven

by the sustained human capital accumulation of workers in cognitive/non-routine occupations.

Figure 2: Employment & Earnings: BGPs across Task-Biased Technological Levels
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Figure 3: Employment & Earnings: BGPs across Task-Biased Technological Levels
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The reallocation of workers across occupations can have an enormous impact for the behavior

of aggregate output. Panel (a) of Figure 3 shows the average life-cycle earnings profile of workers
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in economies with different values of thtc. With tbtc=1 (black line), most workers would opt for
routine occupations and, on average, accumulate human capital very slowly. With tbtc=1.125
(red-line), young workers would earn less in the beginning, but their life-cycle profiles are much
steeper. Instead of just doubling their income after 45 years of labor market experience, their
earnings would be more than seven times higher. Much steeper profiles accrue when tbtc=1.25
(blue line). Hence, with differences in tbtc levels, our model naturally replicates the patterns
unveiled by Lagakos et al. (2018) across countries with different levels of development. At the
aggregate level, these differences in the accumulation of human capital can lead to very large
income differences as shown in panel (c) of Figure 3. A change from tbtc=1 to thtc=1.2 would
be associated with (eventually) multiplying the income of the country by more than 7 times. In
fact, this simple mechanism is so strong that it leads to a bifurcation in the behavior of income.
As shown in the panel (b), GDP has a vertical asymptote around 1.22, and aggregate output
can be arbitrary high for values of tbtc close enough to it. As explained above and illustrated in
panel (c) of Figure 3, the reallocation of workers in the economy leads to a change in the overall
growth in their human capital which can lead to a bifurcation in the aggregate economy. This
is captured by the implied Perron Root of the matrix M for different values of thtc. Here, the
solid-blue line denotes the case when G < (1 —6) ", and the economy settles in a steady state.
The dashed-black curve capturers the cases in which the above condition is not met and then
the aggregate human capital of the country would keep growing and no steady-state could exist.
Under the parameter values of the exercise, the point of bifurcation is when tbtc has a value of
1.22. Above that bifurcation, aggregate output of the country would grow at the endogenous rate

Gp (1 —6) every period.

3.6.2 Transition Dynamics

We now explore the aggregate transitional dynamics of an economy that experiences a once-and-
for-all task biased technical change. Specifically, we assume that the economy is initially at tbtc=1
and then, unexpectedly but permanently at t = 6, it shifts to tbtc=1.2. Then after, the wages
of routine occupations fall permanently, and all workers, including the new and future ones, will
take those new wages as given. Recall that for clarity, non-routine unitary wages remain constant.

Panels (a) and (b) of Figure 4 display the response, over time, in the employment shares and the
human capital allocated to the four occupations. As expected, workers in the routine occupations
start moving away from them towards the non-routine occupations. This is a long and persistent
process because of the substantial costs of existing workers when switching occupations. Yet,
much of the reallocation of workers happens in the first twenty years, and after fifty periods it
is almost done. The transition for human capital levels across occupations requires much more
time. As shown in the figure, from being a negligible fraction, the human capital in cognitive
non-routine occupations becomes the dominant one. Aggregate human capital needs a long time

to settle into the new steady state level. Even after three hundred period the economy is far from
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Figure 4: Aggregate Transition: from tbtc=1 to tbtc=1.2
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the new balanced growth path.

Most interesting, this once-and-for all change leads to a non-monotone and long-protracted
transition. To be sure, since the fall in the wages of routine workers are without a counterpart
on those of non-routine, they necessarily lead to an initial collapse in aggregate output. After
approximately ten years of stagnation, output starts to grow, but it needs about fifty periods to
reach again the initial levels. From then on, the economy will keep growing for many periods. In
this example, it requires more than 600 periods for the economy to really get close to the new

steady state.

3.6.3 Aggregate Consequences of Occupation Mobility Costs

Finally, in this section, we examine the aggregate implications of occupation mobility costs. To
this end, we compare the previous economy (benchmark) with two economies in opposite sides
of mobility costs. For concreteness, we focus on the cost of moving from routine to non-routine
jobs. Our benchmark with gy = 0.6 is compared with:(a) an economy with lower mobility
costs with gy = 0.8, and with (b) an economy with higher mobility costs with 7y = 0.4.
Keeping all other parameters the same, we compare the economies both across steady states/BGPs
for different thtc levels and for the same transitional dynamics as above.

Panels (a) and (b) of Figure 5 present the results for the cross steady states/BGPs. Panel
(a) clearly shows that mobility costs have a very strong detrimental impact on the growth rate in
the workers” earnings over the life-cycle, specially for lower levels of tbtc. Interestingly, when the
costs of mobility are high (red line), advances in tbtc can be neutralized and have no impact on
the life-cycle profiles and the overall aggregate economy. For higher levels of tbtc, the differences
in mobility costs can be quite large. The implied growth rate of earnings is much higher with
high mobility (high 7gx, blue line.) Panel (b) shows that the effect on aggregate output can be
quite high. For instance, with tbtc=1.1, the output with high mobility can be up to fifteen times

the output in the other two economies. For higher levels of tbtc, the implications can be even
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Figure 5: BGPs and Transitions: Task-Biased Technological Levels and Mobility Costs
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more dramatic. Notice that the bifurcation point between steady states and BGPs takes place at
a much lower level in the high mobility economy than in the benchmark. For the low mobility
economy, the bifurcation point is at a higher level than in the benchmark.

Finally, panel (c) of Figure 5 presents the transition dynamics for the three economies after the
same shock as before from tbtc=1 to thtc=1.2. To facilitate the comparison, aggregate outputs
have been normalized to the initial level. The qualitative features of the aggregate responses are
similar, but the actual impact over time depends on the level of mobility. Economies with lower
mobility settle sooner partly because of a smaller final impact. Notably, for economies with high

mobility, the change implies shifting from a stagnant economy to one that will grow forever after.

4 The General Equilibrium Model

We now set up our general equilibrium environment. First, we specify the production of final goods,
which defines the demand for the different types of labor and capital and the production price
of final goods. Second, we define competitive equilibria, where the price of goods, labor services
and capital clear all markets. Third, we provide a sharp characterization of the intratemporal

equilibrium conditions. Finally, we prove the existence of balance growth path (BGP) equilibria.

4.1 The Environment

4.1.1 Production

We consider multiple types of workers and physical capital as factors of production of final goods.
Our setting encompasses features of the standard neoclassical model and of recent models of substi-
tution between workers and machines (e.g. Acemoglu and Restrepo (2018)), within a worker-task
assignment model (e.g. Costinot and Vogel (2010).) First, as in standard macro models, we allow

for some forms of physical capital to operate as a complementary factor of all forms of labor. Sec-

30



ond, as in Acemoglu and Restrepo (2018), we also allow for some other forms of physical capital
(machines) to compete with workers in the performance of tasks. As Costinot and Vogel (2010),
different types of workers must be be assigned across multiple production tasks according to their
comparative advantage, which is determined in general equilibrium. The resulting multidimen-
sional production setting allows for technological changes that have a heterogeneous impact on
the different types of labor.

Consider an economy with a single final good, which is produced according to a Cobb-Douglas

over structures and other forms of physical capital, K;, and a bundle of tasks, @,

Y, = (Kt)w (Qt)l_@ )

where 0 < ¢ < 1.1 The bundle of tasks @, is given by a CES production function defined
over many tasks. There are J occupations and in each occupation a continuum of tasks must be

performed. The production of aggregate tasks is defined as

_P_

Q = [ij (Qi)p*] o

j=1

where @7 is the output of tasks from each occupation j and p is the elasticity of substitution
across the output from the different occupations. For each 7, the output Q{ arises from the use of
workers and machines performing many different tasks. We take the set of those tasks to be the

continuum [0, 1]. In particular, we assume that

o= ([ ™ )

where 1 > 1 is the elasticity of substitution across the different tasks.

For each z € [0, 1], the output ¢/ (z) is obtained from the use of human capital H7 or machines
Mt] in that occupation and task. Extending Acemoglu and Restrepo (2018), we assume that
machines and labor are perfect substitutes to each other in the production of each task z in

occupation j. The production function of ¢;(x) is described by

@i () = 2" ()M (2) + 2" (2) HE (), (11)
where = 2" (2) is the productivity of machines performing task x in occupation j, and 2" ()
is the productivity of workers in that occupation performing this task x. Here, H/(z) and M/ (z)

are total effective units of labor j and machines used in task z.%°

19Tn this way, our Cobb-Douglas assumption between structures and the other factors of production follows
closely Krusell et al. (2000).

20The production function of tasks in equation (11) can easily be extended to incorporate several factors of
production, like different types of machines (computers, robots) or different types of labor (non-college educated,
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For tractability, we assume that for all j, 2 € [0,1] and periods ¢, the productivities of labor j
and machines are the products of time-varying components and a time-invariant components. For
each j, the time-varying component is common across all z € [0,1]. The task specific components
differs across occupations j but is fixed over time. Then, the productivity level workers and
machines are, respectively, 27" (z) = A?" 208 () and 2™ (x) = AIM 22M(z). Furthermore, for
each 7, we assume that the time-invariant components are distributed i.i.d. Frechet across the
different tasks with shape parameter v; > 1. For all j, we normalize the scale parameters to
to one. In this way, we can use the results in Eaton and Kortum (2002) to further characterize
optimal demands of factors of production for the different tasks and the overall production cost

of the good as we discuss below.

4.1.2 Capital Owners

We assume that the two forms of physical capital, machines Mtj across all occupations j and
structures and other equipment K; are owned by a separate set of households. These households,
which we call ‘capital owners,” have a constant population with measure 1. Capital owners have
standard preferences, given by

K= lef) -
Uy = Z p ﬁ) (12)

s=0

where, for simplicity, we have assumed that the discount factor g and the CRRA ~ have the same
values as those of the workers, however, we need to assume v > 0 for an interior solution on the
investment problem.

Both forms of capital follow neoclassical laws of motion:

Ky = (1-6%) K, +&81F, and (13)
M, = (=M M] +e"1)"7 vi=1,2,...] (14)

where 0 < 65, 6™ < 1. Both forms of investment I, IM7 are in units of the final good. The
strictly positive terms &£ and €M capture investment specific productivities. We assume that the
same parameters 6™, &M govern the law of motion for the machines in all j. Then, in equilibrium,
the return to investing in machines must be equalized across all j, and we only need to keep track
of a single rental price of machines.

Capital owners rent out machines and structures, taking as given their rental prices, 7™, and
ri. Capital owners can freely borrow or lend at the gross (real) interest rate R;/P;. We denote by
B; the net financial position of the representative capital owner in period t. In terms of financial
markets, below we consider two polar cases. First, we consider a small open economy in the

interest rate R; in every period is taken exogenous from international capital markets. Second, we

college educated), each with different comparative advantages in the production of tasks. All of the expressions we
derive next easily extend to this more general case.
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consider a closed economy equilibrium in which B; = 0 for all periods.

4.2 Competitive Equilibria

We assume all labor, capital and goods markets are perfectly competitive. Taking as given the
sequence {Pt, wg, rk rM Rt}:io of goods prices, the unitary skill price for jobs of all types j =
1,...,J and the rental rate of both forms of capital, firms and households maximize their current
profits and expected lifetime utilities, respectively. To formally define competitive equilibrium in
this environment, we first define the individual problems of firms and workers and outline the

market clearing conditions.

4.2.1 Workers’ Optimization and Aggregate Labor Supply

The maximization problem of each of the workers is simply the time-varying extension of the
problem characterized in Section 2. For brevity, we only consider here the case of v > 1, as the
other cases are similar. For every ¢, j and h, the expected normalized values {vf}ejzl of an active

worker solve the problem recursion:

1—v
J

v = —(qu_) ;7 - BT (1 — 1?77) [Z(_Xﬂ Uf+1)ﬁ (Tjﬁ)‘f)a] ’ (15)

/=1

and their optimal occupation choices, i.e. transitions from any j to any ¢ are given by

1 (6%
=
p [/\KT]‘Z (=X Vi) V]

t J i 1 7Qao (16)
D ket [Aijk (=xGk vF1) 1’”]

where {vf +1}j:1 solves the problem for the subsequent period. Similarly, the transition matrix for

aggregate human capital from occupation j to occupation ¢ for the time-varying case is simply

1

: 1 q1-1
Mi' =T (1 - a) Tie A [Mﬂ . (17)

The implied laws of motion for the population of workers and aggregate human capital across

occupations are, respectively
0t+1 = 50? + (1 - 5)07?”757 (18)

and
Hy i =0H + (1 —0)HM,, (19)

where in each period, the new workers’” employment shares and human capital capital stocks are
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given by their optimal entry in the labor markets:

|:)\j7'0’j (—vi)ﬁ} :
J 1 1«
> [Awro (—of) |
k=1

O’j p—
et h—

)

and .
. X P
H)' =T (1 04) ™A [9?’]] B

where the vector 7° denotes the transferability of the a new worker’s human capital into occupation

j at the time of entering labor markets for the first time.

4.2.2 Firms’ Optimization and Labor Demand

In this setting, productivity differences and the linearity of ¢;(x) ensures that, except for a set
with measure zero, each of the tasks within an occupation will be provided either by only labor
or by only machines, according to their comparative advantage. To see this, let w{ be the unitary
price of effective labor j and M be the rental rate of a machine at time ¢. Because of perfect

substitution, the minimum cost of producing one unit of task = in occupation j is

c}(z) = min ng , Aj[ng\/[ . 20
o { @' ,](x)} .

Clearly, the ratios between factor prices and productivities determine whether workers or machines
21

will take care of a particular task in a particular occupation.”® The minimized unitary cost of

producing the tasks from every occupation j, Ctj , is the solution of the program:

= min/olc{(:c) @ (@) dr st (/01 [qf(x)}n"ldaz)nnl _1 (21)

i (x)

Having solved for Ctj , the next step for the firm is to solve for C’tQ , the minimized cost of producing
the aggregate bundles of tasks, by optimally using the inputs from all occupations. That problem
is simply

C = mln
Q.

Z O]QJ

Finally, given the rental price rX for physical capital K, and the unitary cost of tasks C’tQ , the

5.t (Z(Qj)p;l>p_ =1. (22)

=1

210ur task and production assignment is connects with Acemoglu and Restrepo (2018). In our setup the as-
signments of workers and machines to tasks is determined by factor prices and their relative productivities. As we
show next, using properties of the Frechet distribution, we get very tractable and intuitive expressions.
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competitive price of final goods is simply its minimized unitary production cost, i.e.:
. K Q ¥ 1-p _
P, = min [rt K +Cf Q] st (K)?(Q)' ¢ = 1. (23)

The following proposition characterizes the solution of all these optimization problems:

Proposition 2 For all j = 1,...J, assume that zf“(x) are all distributed 1.i.d. Frechet, with

shape and scale parameters {uj, Af g } . Similarly, for machines, assume that the productivities
j=1

A N

=M (x) are also distributed Frechet with shape and scale parameters {I/j, AMI } across occupa-
j=1

tions j. Then: (a) The probability that at time t labor implements any task x in occupation j

(At jut)”
(At rit)" (A1)
while the probability that the task is implemented by machines is

o (A rir)”
= (Ai”vj/riw) Yy (Afvj/wg')w' %)

18

Hyj _
7Tt h—

(24)

(b) The minimized unitary costs C’tj of producing the bundle of tasks from each occupation j are

Vj

. 1 — ﬁ -\ V5 . N\ Yy %1
ot =1 (1+ ) (g o (atoput) ] (20)
(¢) The minimized unitary costs CtQ of producing the aggregate bundle of tasks s

e = {ir (1 T 1‘”) (4 r)" 4 (g )] }” . (27)

(d) The price of the final goods is

P=[e (-] () () (28)

4.2.3 Capital Owners

Given an initial level structures, Ky > 0, and machines Mg > 0, for j = 1,...,J, an initial
financial position By and a sequence of good prices, capital rental rates, and interest rates,

{Pt, rK rM, Rt}oo the budget constraint of capital owners, at any period ¢, is

t=0’
M K J
Tt—ZMﬁ#iKtJr&Bt:c{<+lf+ZItM’j+Bt+1, (29)
P2, <



where the laws of motion for K; and M/ are given by (13) and (14), respectively.
Under the conditions just stated, the program of consumption, investments and capital stocks,
. . o)
{c{(, I 1M Ky, M}, Bt+1} , that maximizes (12) is characterized by a standard transver-
t=0

sality condition, and three Euler :equations that can be written as:

Ry —1 (Ct{(ﬂ)w
— Gi1) 30
Py 8 K (30)
Ry K
P & ’
R M
Pra &M 7

where (32) applies for all the machines in occupations j =1,...J.

4.2.4 Competitive Equilibrium

Having characterized the individual optimality conditions of all agents in the economy, we now

define and characterize the competitive equilibria in this economy.

Definition 1 (Equilibrium) Given an initial population of workers and their human capital,

LN iy J

{6, Hé}j:l’ initial stocks of machines and other physical capital {M;] }jzl’ Ky, and an ex-
) ~NJ )

ogenous productivities sequence {{Ai‘/’[ " ,Af ’j} } an equilibrium is (i) a price system

{wi,Pt,rtK,rf”,Rt}t:O, (ii) individual worker occupation decisions {vf,,ut}tzo, (iii) individual

. . o
firm tasks-allocation choices {ﬂ'tM ’],wf] " } , (iv) aggregate vectors of workers and human capi-
t=0

o0

tal across occupations, stocks of machines and other physical capital, {Ht, H,, Mtj , Kt} and,

(v) aggregate output, worker and human capital reallocations, and flows of investments a;c? of con-
sumption of the owners of capital, {Yt, e, My, TE TM c{(}zo such that: (a) Given {w{, Pk, riM}zo,
the workers lifetime optimization {vi,,ut}:io are given by (15) and (16); the firms optimize pro-
duction, 1i.e. {Wf’j,ﬁy’j,Pt}joo are given by (24), (25), and (28); and capital owners invest
optimally, i.e. according to (29), (31), and (32.) (b) factor markets clear in every period t, and

(c) the population of workers and human capital allocation evolve according to (18) and (19.)

We now characterize the aggregate output and the prices of human and physical capital that
arise from the market-clearing conditions in every period given an exogenous level for productivities

{Az, AM }, and pre-determined levels of aggregate supplies Hf , M; and K;.

4.3 Static Market Clearing Conditions

The following proposition characterizes the intratemporal equilibrium conditions determining

prices and production, taking as given the stocks of physical and human capital.
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Proposition 3 Aggregation, Intratemporal Equilibrium. Given pre-determined aggregate
variables, {Kt, Mtj , Hg }, the intratemporal competitive equilibrium condition imply that:

(a) the output of tasks of all occupations j, {, the aggregate bundle of tasks, Q)y, and the
aggregate output of goods, Yy, are respectively given by:

1+Vj
. 1 i 17
o = o122 [ s Gy
J
= : e B
- L=\ 70 [ g\ ™5 g\ | 1
Q = |>r(1+— (aroagf) ™ + (Al Hi ) , (34)
=1 i

1_
(v (o-1q 52

J v v
_ p(n 1) . N T . N T vip
v v |3 (1 2) ()™ ()™ (3)

(b) The equilibrium real rental rates of structures, pf = rtK/Pt, and of machines in all occu-

pations j p; M = T} ’J/Pt and the real unitary wages of workers w] = wt/Pt, are, respectively
Y;
K t
= p— 36
pi YK (36)
p—1 v
| 1—p\7 [ AMING I\ 7Ty,
M= -pr (1) @ Yo gy
v CQ Q. M

L L p=1__Yj
: L—n\7 " (AYHI\N™ Q)" " Y,
w = (1—¢)F<1+ 77) i Q . (38)
vj Q1 Qt Hi

These simple aggregation results, can directly be used to solved for the income share of the

different factors of production. In particular, the total capital (structures+machines) output share

is given by

1 R A o\ -l
P! Kt+2] Lo ,JMJ 1_ i:F( 1—n )nl Ai\/[,JMtJ T+v; Q_g P 1tv;
Y; o Q] Q1

which endogenously responds to the relative supply of human and physical capital and their relative

productivity levels. To illustrate this point more clearly, consider the special case in which @ is
a Cobb-Douglass, i.e., p = 1, over all occupations outputs Qg with shares p;. In such a case, the

capital income share boils down to

(39)

Pt Kt+2 1P ’]M] i <AM,j/T£W>Vj
K — (AM’]/T ) (AH]/wt>Vj7

where we have used the expressions in Proposition 2 that characterizes the output share of machines
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in each of the occupations j. This expression highlights how levels of technology, wages and rental
rates endogenously drive the capital output share. Extending Acemoglu and Restrepo (2018) to
a tractable setting with multiple types of occupations and labor, the labor share of our economy
depends on how efficient are machines in performing different tasks relative to labor. For example,
an increase in the productivity of machines, Ai\/[ 7 across at least some of the occupations, or a
reduction in the rental rates of machines, M, would lead to an overall decrease in the labor share.

An additional important aspect of Proposition 3 is that we can characterize the aggregate
production of our economy. It is worth highlighting that different factors of production differ in
their comparative advantage in the production of individual tasks, yet we can aggregate all the
task that are completed by the different factors in a tractable way. Our task-based approach con-
nects closely with a large macroeconomic literature on skill-biased technical change which directly
assumes an aggregate CES production function using different factors (see for example Krusell et
al. (2000)). In this way, our proposed model of production provides a micro-foundation for the
CES aggregate production functions typically used in this literature. Note that the parameters v;,
which affect the distribution of the productivity of machines and labor in the production of differ-
ent tasks, are directly linked to the aggregate elasticity of substitution between capital and labor
in the production of the output of an occupation, which is 1 + v;. The intuition for this can be
easily grasped by looking at Figure 6, which shows two different distribution for task productivity
23 one with a relatively large value of v; = 2 and one with a lower value of v; = 0.5, and equal
scale parameters. Note that for the distribution with a lower v;, the dispersion in the productivity
of different factors is larger (fatter tail), while is smaller in the other case. In other words, factors
tend to have a more similar productivity —similar comparative advantage— with larger v;. This
implies that, for a similar change in factor prices, there will be more substitution between labor
and machines in the case of larger v;. Thus, in the aggregate, the elasticity of substitution between

factors is governed by this parameter of the shape of the Frechet distribution of productivities.

Figure 6: Different dispersion in comparative advantages of labor and machines
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4.4 Dynamics

We now consider the dynamic behavior of the economy. We first consider the time-invariant equi-
libria, when the economy follows a balanced-growth paths (BGP). We then consider the behavior
of the economy outside the BGP, that is, the dynamic equilibrium responses of the economy to

changes in, for example, the underlying productivities of both labor and machines.

4.4.1 Balanced Growth Paths (BGP)

Consider now the long-run behavior of an economy in which the productivity of different types of
labor grows at a common and exogenous gross rate G4 over time, while that of machines stays
constant. That is, Agrjl = G4 A and Ai‘ﬁ —= A" in the long-run. An equilibrium would accrue
where all the real unit wages grow at the same rate G4 but real rental rates are constant. In
this equilibrium, aggregate human capital will be constant, but physical capital (machines and
structures), labor earnings and total output grow at rate G 4.

Assume that the productivity of all types of labor grow at a constant rate G4 > 1, i.e.:
AMI = gMI | and, AT = oM (Ga),

for all j = 1,...,J and t > 0, for some exogenous constants G4 > 0 and o/, a™/. In addition
to the rate G4, the earnings of individual workers along a BGP would grow, on average, at the
endogenously determined rate Gy. In what follows, we restrict attention to the case when Gy <
(1 —8)~1, so that the total weight of earnings of cohorts fall as they age.?? Hence, the aggregate
human capital of the country settles to a time-invariant level, H = §H°[I — (1 — §)M] ™", and the
rate of growth of the economy is the exogenous rate G 4.

The dynamic programming results in the previous section easily extend to the case where real
wages grow at a common constant rate GG 4. In this case, lifetime utilities per unit of human capital
grow at rate Gi‘_w. This common trend may impact occupation choices by changing the effective
discount factor of the workers. Define v] = o7 (G 7)" and w] = @’ (G4)*, where & and @ are

constant along a BGP. The problem of the worker in a BGP for v > 1 takes the form

, _ O (Ga)) 1- d ; _ o a B
() [Zm B (G (k) ] 7
=1
which can be further simplified to,
(@) 1- -y d i\ a B
o= S s (1- 257 | S | (40)
=1

22Economies in which Gz (1 —d) > 1 have the very unappealing feature that asymptotically, the aggregate labor
income would be concentrated in a measure zero of workers with infinite age.
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This is an expression very similar to that of Theorem 1.?* The formulae for ;1 and M are essentially
those of Section 2, but using v. The average growth rate of each individual worker’s human capital
over his life-cycle, Gy, is governed by the Perron root of M, which, as explained there, is unique,
real and strictly positive.

The Euler equations (31) and (32) of capital owners require that the rental rates of both forms
of physical capital along a BGP satisfy

K R/P — (1—6%)

pr= £x : (41)
o R/P—g(];—é ) )

The analysis that follows applies equally to small open economies, where the real interest rate
is exogenously given, i.e.. R/P = R*/P* and to closed economies, where the interest rate in a
BGP is also exogenously given by R/P = 371 (G4)”. In both cases, the rental rate of structures
and machines is pinned down by the Euler equations (41) and (42.)

Before proceeding to a complete definition, we introduce some additional notation. Along a
BGP, we have IX = i (G»)!, I = iMi (GL)', K, =k (Ga)t, M7 =m? (G4)t, and Y, = y (Ga)',
where %, M7k, m/, and vy, are constants that depend on parameters and growth rates.

We use the following definition of a BGP:

Definition 2 Given an exogenous productivity growth rate G 5, a Balanced Growth Path is a
pair of constant rental rates, (pK,pM), a constant real interest rate, R/P, a vector of constant
detrended wages, &7, the average growth rate of the workers’ human capital, G, a positive vector
h e RiJr of shares of aggregate human capitals, and positive constants (k:, md, i M y) related to
investment, capital and output, and indwidual solutions for the workers problems {v, u, M} such
that: (a) (p', p™, &%) solve the intratemporal conditions (36), (37) and (38) for h,k,m’; (b) The
growth rate Gy is the Perron root of M and h is proportional to H = §H [I — (1 —6)M]™". (¢)
The rental rates of structures and machines p™, p* satisfy the Euler equations (41) and (42). (d)
Given &7, {v,u} solves the individual worker’s optimal occupation choice problem and M is the

associated transition function for aggregate human capital.

Theorem 2 Consider an economy with: (a) strictly positive vector of labor productivity levels,
AM and {A{ };.]:1, with gross growth G4 > 1; (b) rental rates of machines and structures pé‘gp,pgp
are that are either exogenously given or determined by G o and the Euler equations of the capital
owners; (c) the parameters are such that the worker’s problem with growth, (40), is well defined.
Then: (1) There exists a BGP in which a time invariant {v, u} solve the individual worker’s
problem and induce constant transition matrices p, M and an invariant distribution of workers
attains, i.e., § = 06° [I — (1 — 0)u|~" . Moreover, (i) if the implied Perron root satisfies Gy < (1 —

23All the existence and uniqueness proofs of the value function extend to this case for variable ¥, but adjusting
the discount factor to be B(G 7).
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8)Y, then the aggregate human capital remains constant, H = §HO [I — (1 — §)M] ™", and output,
capital and wages, {Y}, K, Mtj,w{}zo. (i) if instead, the Perron root satisfies Gy > (1 —0)71,
then the aggregate human capital remains grows at the rate (1 —0)Gy, wages grow at the rate G 4,
and output and capital grow at the rate G 4G (1 —0). {Y}, K, M, w{}zo. (it) If there are unique

ratios H* /M’ associated to p%p,pgp, then the BGP is unique.

Proving uniqueness of the BGP has been a more elusive task for the general case. However,
we show in the appendix that it boils down to examining the solution to a system of J equations

on J unknowns, which can be easily done computationally.?*

4.5 Transitions: Dynamic Hat Algebra

Having established the conditions for a BGP, in this section we examine the implied dynamics of
the model outside a BGP. To this end, in this section we extend the Dynamic Hat Algebra (DHA)
methods of Caliendo, Dvorkin, and Parro (2019) to a model with general CRRA preferences,

human capital accumulation and endogenous growth.

Proposition 4 Dynamic Hat Algebra. If initial allocations of the new cohort of workers and
human capital across occupations at period t = 0, 084 > 0, Hg’j > 0, transition matrices of work-
ers and human capital, p_1, M_1, initial ratio of current vs permanent income <I>6, lifetime and

7 and the share of occupation j in non-structures value added,

factor payments/shares, Wé{ J 7T(])M
gé, Y, are all observed, and the values for the discount factor B, the CRRA coefficient v, the
depreciation rates 0™, 6%, the share of structures in aggregate income, @, the elasticity of substi-
tution between different occupations in production, p, and the curvature parameters o and v;, are
known (estimated or calibrated), then: (a) the sequential equilibrium of this economy can be writ-
ten in changes relative to the BGP. (b) Given an unanticipated change in machines or workers’
productivity levels, <{AH’j, AM:j };.]:1>, or price of equipment (investment efficiency), EM, we can
compute the sequential equilibrium of this economy in changes. (¢) For both (a) and (b), it is not

necessary to know the levels of a large number of parameters related to mobility frictions (1, £),
or productivities (A%, AM X\ & M),

The proof of the proposition is in Appendix B, where we also lay down the equations that
describe the model in changes relative to a BGP.

Using dynamic-hat-algebra methods is particularly convenient for the computation of the model
for two reasons. First, the levels of a large set of parameters, like 7, x, A, or the initial levels of
productivity, AM, A7 M ¢k are not needed to calibrate the model or to perform counterfactual
analysis, only the changes in these variables, to the extent that they change, are required. This

implies that the calibration exercise is less demanding. Second, the level of many of the model’s

24 We have an iterative algorithm to check uniqueness. In our computational exercises and under our preferred
calibration, we use different initial guesses and always obtain the same BGP.
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endogenous variables are not needed and the initial and terminal values for many endogenous

variables expressed in changes are easy to characterize.

5 Quantitative Analysis

In this section, we use our model to quantitatively explore whether a sequence of task biased
technological changes (tbtc) can jointly account for two salient trends in the U.S. economy, as
observed during the last forty years. First, the output share of labor has declined substantially,
around 5% as documented by Karabarbounis and Neiman (2013) since 1980. Second, there has
been a remarkable polarization in employment and earnings in U.S. labor markets and an increase
in overall wage inequality, as summarized by Acemoglu and Autor (2011). Like these authors, we
highlight technological changes as an explanation for production shifts from workers to machines.
However, our emphasis is on the ensuing reallocation of workers and human capital from some
occupations that are losing their race with machines to other occupations.

We first describe our sources of data and our calibration strategy. In particular, we justify
our use of observed data for the U.S. in the 1970s as an initial equilibrium BGP, explaining the
moments we match. Then, we describe how we set the values for some key parameters. Next, we
describe how we use data on the relative price of equipment and occupation shares to calibrate the
sequence of task-biased innovations hitting the economy since the early 1980s. We ascertain how
much the model replicates the increased inequality observed in the data since 1980 by comparing

the results of the model with tbtc vs. the underlying economy without those shocks.

5.1 Data and Initial Equilibrium

We first describe our calibration strategy for the parameters related to the worker’s problem.
Then, we describe our calibration of the parameters linked to production.

We assume that the U.S. economy was in a BGP by the end of the 1970s and calibrate the
initial BGP of our model to match the equilibrium conditions to those of the U.S. at that time.
For this we need a reliable source of microdata on occupational mobility and earnings dynamics
with a panel dimension. The panel dimension is needed to compute measures of occupational
mobility of workers and also how workers’ earnings change with occupational moves. Following
Kambourov and Manovskii (2013), we use the Panel Study of Income Dynamics (PSID), which has
a representative sample of the U.S. economy and is widely used in the labor and macroeconomics
literature. A key advantage of the PSID is that information on occupations between 1968 and
1980 has been corrected for occupation miss-classifications that lead to spurious occupational
switches. As discussed in Kambourov and Manovskii (2013), occupation miss-classification can be
an important source of biases for measures of occupational mobility.

Typically, the choice of the level of disaggregation for occupations has to balance computa-

tional costs and sample sizes of available data. The latter is the limiting constraint for our exercise
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because of the relatively small sample of the PSID.?> We calibrate our model to nine broad oc-
cupations: (1) Management, business, and financial operations occupations; (2) Professional and
related occupations; (3) Service occupations; (4) Sales and related occupations; (5) Office and
administrative support occupations; (6) Construction and extraction occupations; (7) Installa-
tion, maintenance, and repair occupations; (8) Production occupations; and (9) Transportation
and material moving occupations.?6 For brevity, in what follows, we refer to these occupations
simply as Managers, Professionals, Service, Sales, Office, Construction, Repair, Production, and
Transportation, respectively.

We calibrate some of the parameters in our model exogenously to standard values in the
literature. We take a period in our model to represent a year and workers discount the future
at rate § = 0.95, a standard value for an annual model. We set the risk aversion parameter to
2, a usual value in the macroeconomics literature. Workers have an stochastic lifetime with a
probability of exiting the labor market (due to death, disability, non-participation decisions) of
3% per year. Then, on average, individuals in the model work for an average of 33 years.

The computational strategy using the dynamic hat algebra of Proposition 4 requires that we
map certain endogenous variables of the model in the initial period directly to moments in the
data. We now describe in detail how we proceed.

In our model, workers start their lifetime and enter the labor market with a level of human
capital and earnings that is on average lower than that of older workers. We map the average
earnings and occupational employment of the entering cohort (variables 6] and H{) to those of
workers with ages between 22 and 30 years in the PSID data for all years before 1980. Table 2
shows the distribution of the entering cohort over occupations and their human capital. Relative
to older workers, a much lower fraction of the new workers enters in managerial occupations (7%
vs. 14%) and higher fractions enter in production, office and construction. The implied human

capital levels HY are also remarkably lower, as we discuss below.

Table 2: U.S. in the 1970s: BGP Shares of Young Workers and Human Capital Across Occupations

entering cohort

Managers Profess. Service Sales Office Constr. Repair Production Transport

Workers (69): 0.07 0.13 0.12 0.05  0.15 0.08 0.05 0.21 0.13
Human Capital (HY): 0.08 0.14 0.08 0.05 0.14 0.09 0.06 0.22 0.13

Along the BGP, workers” earnings grow at rate G4 X Gy in our model. Then, using data only
on the growth rate of earnings, we cannot identify these two components separately. However, we

assume that the human capital of the entering cohort in the BGP does not grow, thus the only

250ur model is very tractable and the computational demands at this level of disaggregation are very low. While
we would like to substantially increase the numbers of occupations we use, the lack of suitable data prevents us
from doing so.

26We exclude farming, fishing, and forestry occupations, because they account for a minimal share of U.S.
employment and the PSID includes very few observations in the sample. We also exclude all military occupations.
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source of earnings growth for the entering cohorts is the growth rate of wages, i.e. G4. We use
the growth rate of earnings of workers between 22 and 30 to calibrate G4 = 1%.%"

Then, using the PSID data for all workers between 22 and 65 years old, we estimate the yearly
occupational mobility matrix (variable p_; in the model) using the Poisson Maximum-Likelihood
methods proposed by Silva and Tenreyro (2006).2%

Table 3 reports the estimated matrix p for the U.S. economy in the 1970s. As expected, there
is substantial persistence in occupation choices, as can be seen in the diagonal of the estimated
matrix p which exceedingly dominates the off-diagonal terms. There is also substantial variation in
the degree of persistence across the different occupations. On the upper end, 88.4% of production
workers remain in those occupations for the following year. On the lower end, just 76.5% of sales

workers stay in those jobs from one year to the next.

Table 3: U.S. in the 1970s: Workers Occupational Transition Matrix g4

From \To | Managers Profess. Service Sales Office Constr. Repair Production Transport
Managers 0.88 0.02 0.02 0.01  0.02 0.01 0.01 0.02 0.02
Profess. 0.02 0.86 0.02 0.01  0.02 0.01 0.01 0.02 0.02
Service 0.02 0.02 0.88 0.01  0.02 0.01 0.01 0.02 0.02
Sales 0.03 0.03 0.03 0.76  0.03 0.02 0.02 0.04 0.03
Office 0.02 0.02 0.02 0.01 0.85 0.01 0.01 0.02 0.02
Constr. 0.03 0.03 0.03 0.01  0.02 0.79 0.02 0.03 0.03
Repair 0.03 0.03 0.03 0.01  0.02 0.02 0.81 0.03 0.03
Production 0.02 0.02 0.02 0.01  0.01 0.01 0.01 0.88 0.02
Transport 0.02 0.02 0.02 0.01  0.02 0.01 0.01 0.02 0.87

Similarly, we estimate the matrix M, using the information on earnings dynamics for occupa-
tional switchers and stayers. Consistent with the BGP in our model and the previous discussion
on the calibration of parameter (G4, unitary wages are all growing at rate G4 in the BGP. As
is usually the case with Roy models, we cannot distinguish the (relative or detrended) level of
unit wages and the total number of efficiency units of labor (or units of human capital) across
occupations since observed earnings is the product of both. We proceed by normalizing the vector
of detrended unitary wages to be all equal to one and estimate the matrix M_; by the product
of the matrix of average earnings changes for occupational switchers and stayers by occupation
and the matrix p_; discussed before, as implied by our model.?? The estimation of the matrix

of average earnings changes uses the same data and estimation procedure used in the estimation

2TFor this we use data from the CPS since it has a much larger sample size and we do not need the panel
dimension or information about occupations. Since the economy faces several deep recessions in the late 70s and
early 80s, we use the average growth rate in earnings for the years 1983 to 1989.

28In this way, the small size of our sample for some transitions would have less influence in our estimated moments
than on the estimates directly using shares from the data, i.e., using bin estimators. We obtain similar results using
a logit estimator as in Kambourov and Manovskii (2008).

29 This normalization on the vector of (relative or detrended) wages is inconsequential for the results since any
other normalization for wages would lead to a different level of the individual components of the vector of human
capital H.
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of the matrix of occupational switching ;. To remove the effect of wage growth from G4 we
divided the matrix of average earnings changes by it. Table 2 reports the matrix M _; estimated
from the data in the initial BGP.

Table 4: U.S. in the 1970s: Human Capital Occupational Transition Matrix M_;

From \To | Managers Profess. Service Sales Office Constr. Repair Production Transport
Managers 0.89 0.02 0.02 0.01  0.01 0.01 0.01 0.02 0.02
Profess. 0.02 0.89 0.02 0.01  0.02 0.01 0.01 0.02 0.02
Service 0.02 0.02 0.90 0.01  0.02 0.01 0.01 0.02 0.02
Sales 0.04 0.03 0.04 0.78  0.03 0.02 0.02 0.04 0.03
Office 0.03 0.02 0.02 0.01 0.87 0.01 0.02 0.03 0.02
Constr. 0.03 0.03 0.03 0.01  0.02 0.81 0.02 0.03 0.03
Repair 0.03 0.02 0.03 0.01  0.02 0.02 0.82 0.03 0.03
Production 0.02 0.02 0.02 0.01 0.01 0.01 0.01 0.89 0.02
Transport 0.02 0.02 0.02 0.01  0.02 0.01 0.01 0.02 0.88

As expected, there are similarities between the matrices M _; and the matrix u_;. However,
recall that M _; is not a stochastic matrix. Moreover, notice that the ratio between each entry of
the matrix M_; with the corresponding entry of the matrix p_; gives an estimate of the expected
(average) evolution of human capital for the occupational switchers, conditional on switching. The
range for this ratio is between 0.91 and 1.14.

From the estimated transition matrices p_; and M_1, together with the distribution of employ-
ment and human capital of young workers (entering cohort) over occupations and the expressions
in Proposition 1, we can compute the BGP shares of workers, 6, and of aggregate human capital,
H,, distributed across occupations. Note that, since earnings grow over the lifetime of individuals,
the level of human capital of all workers is, on average, higher than that of the entering cohort.

Table 5 shows these estimates.

Table 5: U.S. in the 1970s: BGP Shares of Workers and Human Capital Across Occupations

Managers Profess. Service Sales Office Constr. Repair Production Transport

Workers (6p): 0.14 0.12 0.15 0.04 0.11 0.06 0.06 0.18 0.13
Human Capital (H): 0.42 0.37 0.41 0.11  0.30 0.16 0.18 0.47 0.34

We can informally test the assumption that the economy is initially in a BGP by comparing
the actual data on employment shares, #y, and earnings share —or share of human capital by
occupation— with those implied by the model using the expressions in Proposition 1 together with
the estimated transition matrices and the moments for the entering cohort. Figure 7 provides the
two comparisons. We can see that the allocations in the data and the ones implied by the mobility
matrices are not only very highly correlated but also of roughly the same magnitude as they lay
very close to the 45-degree line.

The parameter « directly affects the dynamics of earnings and, other things equal, has a direct

incidence on the amount of earnings inequality in the cross-section of all workers in the initial
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Figure 7: Data vs BGP implied allocations
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BGP. We assume a value of 13 which, for values of A close to one, implies that permanent earnings
shocks at the individual level do not have a large variance, consistent with the empirical literature
on earnings dynamics (Lillard & Willis, 1978; MaCurdy, 1982).3° In particular, in our model,
the e shocks will have a permanent effect on earnings. The variance of this permanent income
shock given a value of a = 13 is 0.01, which is very close to the estimates in Heathcote, Perri,
and Violante (2010) for the periods before 1980.3! Over time, however, the accumulation of these
shocks can generate substantial inequality in the cross-section. In the next subsections we discuss
how much initial inequality we get given our our calibration for o and other parameters.

Finally, as we discuss in Appendix B, our dynamic hat algebra method requires that we cali-
brate the ratio of current vs permanent income, ®; for the initial BGP. Given our normalization
for wages in the initial BGP, we can compute values for @% as functions of p_; and M_4, together
with parameters 3, a, and ~.

We now describe the calibration of parameters related to investment and production. To
simplify the analysis, we take the (gross) real interest rate, R;/F;, to be exogenous (small open
economy assumption) at the value of (87! x G ") = 1.05% per year.??> We set the depreciation
rates of structures and investment to be 6% = 0.05 and § = 0.125, which are the values used by
Greenwood et al. (1997); Krusell et al. (2000). Moreover, we follow those authors and calibrate the

30Note that, this large literature on random income processes abstracts from selection of workers over occupations
due to comparative advantage, and from selection over most favourable shocks. We do account for this in our work.

31Gee Figure 18 in Heathcote et al. (2010), where the estimate of the variance of permanent income shocks, in
levels, hoovers around 0.01.

32The small open economy assumption implies that investment of structures and machines will be perfectly elastic.
Note however, that the rental rate of machines will respond to changes in the price of equipment, ¢M, changing
the total number of machines used in production. In the next subsection we discuss the exogenous changes in the
price of equipment we use in our model.
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share of structures in production, ¢, to be 0.13. Last, we calibrate the elasticity of substitution
of different occupations in production, p to be one, which is consistent with estimates in Goos et
al. (2014).33

Similar to the problem of the worker, our quantitative strategy requires that we obtain values

for the shares ™

J 7t of machines and labor in the value added of each occupation, and also
the share of each occupation in the non-structure value added, ¢/. We can use the equilibrium
conditions of our model to link these endogenous variables with the data. First, note that in our
model the total payments to labor in occupation j in the initial BGP relative to all income is,
wl H?
Yo

= (1—¢) o) mt"7. Consider the following decomposition,

RYy, B Yo ST wh HE

o ; o
w) Hy (zk:1<w§ H{f)) wh Hy

The first term on the right equals all the payments to labor relative to all income in the economy,

i.e. the labor share. The last term is the share of occupation j earnings in all earnings. In the

data, the labor share in the 1970’s is around 0.66 and our calibrated value for ¢ is 0.13. Thus, we

can use the share of occupation j in total earnings from the data to get,

gl il (0.66> wi H}
. .
0.87/ 37—y w§ Hy

Unfortunately, we cannot identify separately these two variables using only this moment. Since

both of them are a share, each has to be between zero and one, and the sum of ¢/ over occupa-
tions has to be one. We make the assumption that in the initial BGP, 7f"? = 0.66/0.87 for all
occupations.®® Therefore, under this assumption, the share of earnings of occupation j directly
identifies the share of occupation j value added in total production.

Table 6 contains all the information discussed in this section about the calibration of the
parameters of the model or the value of some variables in the initial equilibrium. The last piece
of information not discussed so far is the calibration of the parameters v’/ which, in the aggregate,
directly affect the elasticity of substitution between labor and machines in production. The next

section discusses the calibration of these parameters.

33While Goos et al. (2014) model is different from ours, we performed some robustness checks for alternative
values of this parameter. Critically, the value of p is not overly important, but it must be that for a given change
in factor prices is easier to substitute factors of production than to substitute occupations. Our parameter values
are always on this region.

34While the share of labor and machines in each occupation may be different in the data, the incidence of
machines and automation technology in 1970s was arguably low. If so, it would hardly explain variations in the
output shares across the different occupations, which would support our assumption.
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Table 6: Summary of calibration strategy & parameters

parameter / variable value
time period: 1 year
No. of occupations J 9
yearly model, discount factor I6; 0.95
labor market exit prob. 0.03
risk aversion vy 2
shape Frechet workers Q 13
exogenous growth rate of labor prod. Af[ g 1.01
employment share of new cohort 09 see Table 2
human capital of new cohort HY see Table 2
occupational mobility matrix 1 see Table 3
human capital transition matrix M, see Table 4
employment share of all workers 6o see Table 5
human capital of all workers Hy see Table 5
ratio of current vs permanent income Cbé see Appendix B
depreciation rate machines oM 0.125
depreciation rate structures oK 0.05
share of structures © 0.13
elasticity between occupations p 1.00
small open economy - real rate R/ P, BHG )
share of occ j value added o) (H />, HE)
share of labor in occ j value added 7réq g 0.76 V7

5.2 Task-biased Technological Shocks

Having set up the economy in a BGP as of 1980, we now use the model to capture the response
to a long-lasting episode of task biased (tbtc) that may be asymmetric across the workers in
different occupations. To this end, we use the information on the relative price of equipment to
calibrate the changes in £M. Recall that the Euler equation for the investment in equipment, (32),
implies an inverse relationship between the rental rate of machines r™ and investment-specific
productivity ¢M. Thus, we follow the literature on skill-biased technical change (Greenwood et
al., 1997; Krusell et al., 2000) and use data on the price of the investment in equipment relative to
the price of consumption to calibrate the evolution of task biased technology from 1980 to 2010.
This is the unanticipated tbtc shock we feed to our economy. We assume perfect foresight for
individuals in the economy. Specifically, we start the economy in 1980, our time ¢ = 0, assuming
that up to that date, all agents had not anticipated the change in future price of investment.
Then, at t = 1, all agents receive the information of the sequence of current and future tbtc
changes and act accordingly, i.e., workers choose occupations according to the new equilibrium
sequence {v?}%°,. Appendix B describes in detail our formulation of the equilibrium conditions of
the economy in relative differences from the initial BGP.

Figure 8 shows the evolution of the price of equipment, relative to the price of consumption.
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Throughout all the sample, the price of equipment presented a downward trend. Before 1980, the
relative price of equipment was falling at a rate of roughly 1.5% per year, while after 1980, it fell
at a rate of 3% per year. Since our economy is in a BGP before 1980 and the price of equipment
in the model is constant, the specific shock we feed to our model is a decrease in €M of 1.5% per
year, for 40 years, after which it levels-out. This matches the differential in the evolution of the

price of equipment before and after 1980.

Figure 8: Evolution of the price of equipment in the United States (1980-2010)
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As we mention in the previous section, parameters v; govern the degree of dispersion in the
productivity of labor and machines in the production of tasks in the different occupations and are
directly linked to the elasticity of substitution of labor and machines in production. Given that
we feed a single shock that is common across all occupations, M, the response of occupational
employment to this shock in the different occupations will depend on (1) how costly is for workers
to switch to other occupations, i.e. the elasticity of labor supply across occupations, which is
goverened by different parameters of the worker’s problem, and (2) how easy or difficult it is for
firms to substitute across different factors of production, which is governed by different parameters
of the firm’s problem, and in particular, v;. Given our shock, we calibrate v; to approximate, with
the model, the observed changes in the shares of occupational employment between 1980 and
2016.3°

Table 7 shows the observed changes in employment across the occupations we study, both in the
data (column 2) and in the model (column 3). The last column in the table shows our calibrated
value for parameters v;. A few important patterns emerge. First, the values of v; tend to be
very different across occupations, ranging between a high elasticity of substitution between labor
and machines in production occupations, to much lower values in occupations with a non-routine

component. While the aggregate production function in Proposition 3 admits values for v greater

35To estimate the elasticity of substitution between different factors of production, Krusell et al. (2000) also use
information on the evolution over time of the share of earnings of different factors. Albeit less formal, our approach
to obtain values for v; is similar.
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than —1, our microfoundation restricts the range of v; to be positive. However, the increase in
the share of employment of professional and technical occupations over the last few decades was
so large that our model, given the only shock we analyze, can only reconcile such an increase with

a substantial complementarity between labor and capital in that occupation.>®

Table 7: Employment changes and elasticity of substitution

Occupations data Model vj
Managers 3.1 3.9 0.08
Professionals 8.3 5.8 -0.90
Services 3.7 4.2 0.05
Sales 1.8 1.1 0.10
Office & Admin -4.9 -3.6 2.00
Construction -0.6 -0.8 1.00
Repair & Maint  -0.9 -1.1 1.50
Production -9.1 -8.0 2.50
Transportation -1.4 -2.3 1.50

Note: changes in the data are between 1980 and 2006. Com-
puted using CPS monthly data for all employed workers be-

tween ages 22 and 65 years old.

5.3 Aggregate effects of task biased technological change

Through the lens of our model, the data clearly shows that the tbtc shocks had asymmetric effects
across the different occupations. Figure 9 shows the dynamic evolution of the employment shares
of the four broad occupation groups induced by the calibrated tbtc shock, which complements
the information of Table 7. The largest impact is in routine-manual occupations, composed of
construction, installation and repair, transportation and production, with a sharp reduction in
the employment share of over 12 percentage points, which, as expected, is consistent with the
changes observed in the data since 1980 since these are targets of our calibration. Similarly, the
combined employment share of routine-cognitive occupations, such as sales and administrative
support also falls, but the decrease in this case is more moderate, around 2.5 percentage points.
On the other hand, non-routine occupations, which in the data are typically the polar opposites
in terms of wage levels, see their employment shares increase. The increase is more pronounced
for the cognitive non-routine occupations such as management, business and professional, with
a combined share almost 10 percentage points higher due to the task-biased shock. Non-routine
manual occupations such as personal services see their share go up by 4 percentage points due to

the same shock.

36 Alternatively, we could introduce an increase in the productivity of labor in those occupations, however we
decided to keep the analysis simple and have only one exogenous shock that is common across all occupations.
A different avenue would be to introduce different education groups of workers with an exogenous increase in the
supply of college educated cohorts. In the present work we also abstract from this alternative as well, but the
model can be extended as we show in Appendix C.
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Figure 9: Evolution of employment shares by broad occupation groups
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These changes in employment across occupations in the model are the result of two different
forces: (i) the responses of new cohorts that enter every period, and change their choice of initial
occupations; and (i) the response of older workers, as they change their behavior in terms of
occupation mobility. In Table 8 we separate the contribution of the two forces, i.e. how much
can be accounted by the change in the behavior of new cohorts if older workers do not modify
their occupational choices, and how much can be accounted by the change in behavior of the older
workers if the new workers do not adapt.

Table 8 shows the initial employment distribution (column 2) and the distribution in the
model at period 40, i.e. the end of the tbtc shock (column 3.) In column 4, we account for
the accumulated contributions of the responses of the entering cohorts, keeping the behavior of
older cohorts as before the shocks. In column 5, we report the contribution of the changes in the
mobility patterns of workers once they have entered, i.e. changes in matrix p. We can see that the
bulk of the changes in employment share is the result of the changes in mobility of workers once
they have entered labor markets. It is worth noting that those changes do not require a drastically
different matrix p. Small changes in the flows workers between occupations, due to small changes
in p, accumulate over time and lead to substantial changes in the stocks.

The recent literature (Acemoglu & Restrepo, 2018; Karabarbounis & Neiman, 2013) argues
that the fall in the labor share in the United States (and around the world) over the last few
decades may be driven by technological changes that are biased towards a more intensive use of
machines in production. According to the Bureau of Labor Statistics, the labor share of the U.S.

nonfarm business sector fluctuated around 0.66 in the 1960s and early 1970s, but since then it
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Table 8: Contribution of Responses of Old and New Cohorts to Employment Changes

Initial Final Contribution of Changed Behavior

Occupations share share New Cohorts Only Old Cohorts Only
Managers 14.2  18.1 0.3 3.6
Professionals 12.3  18.0 0.7 5.0
Services 151 19.3 0.5 3.7
Sales 4.3 5.4 0.1 1.0
Office & Admin 11.1 7.6 -0.4 -3.2
Construction 5.9 5.8 0.0 -0.1
Repair & Maint 6.2 5.1 0.0 -1.0
Production 17.8 9.9 -1.0 -7.1
Transportation 13.2 109 -0.1 -2.1

has trended down towards 0.57 by 2016. This is a 9 percentage point difference.?” In our model,
the drop in the labor share is even more pronounced, around 14 percentage points. As technology
reduces the rental rate of machines, a larger share of tasks is performed by machines. This increase
is larger in occupations with a higher value of v;, as labor and capital are more sustitutable.

In our economy, 40 periods after the shock total output is 75% higher than in the economy
with no shock. An important question arises: If machines are receiving a larger share of output,
are workers worse-off? Figure 10 provides a partial answer. It shows the evolution of aggregate
earnings (left panel) and average earnings (right panel) by broad occupation groups. Total earnings
increase across all occupations, and more so in the non-routine groups. However, this is largely
the result of higher number of workers in those occupations, as can be inferred by the evolution
of average earnings. Importantly, the dispersion in average earnings is more compressed across
occupations because workers self-select according to comparative advantage, and tend to stay in
their current occupations even if the demand does not increase at the same pace as in other jobs.
In general, the expansion of non-routine occupations is driven by workers with weaker comparative
advantage there, pushing up the average earnings in the occupations from which they leave and
bringing it down in the occupations to which they arrive. This effect will be reflected in earnings

inequality as we discuss next.

5.4 Effects of Task-biased Innovations on Inequality

We now use the model to assess the impact of task-biased innovations on income distribution. To
this end, we simulate histories of individual earnings for a large panel of workers. As technological
innovations change unit wages, the ensuing changes in occupational decisions of both new and
active workers shape the response of the aggregate and individual evolution of human capital.
As we discussed in Section 3, individual earnings depend on all the history of ¢ shocks and

the occupation decision of workers. To compute the history of earnings for individuals, we need

3TWe obtain the data for the labor share from FRED (https://fred.stlouisfed.org/series/PRS85006173). Accessed
on October 2019.
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Figure 10: Evolution of aggregate and average earnings by broad occupation groups
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Note: the left panel shows the evolution of aggregate earnings in each broad occupation group

after the tbtc, relative to the initial BGP. Similarly, the right panel shows the evolution of

the average earnings.

to recover the parameters M and the matrices 7 and Y, and to do so, we use the equilibrium
conditions in the initial BGP.?® Figure 11 shows the recovered level for those parameters, where
we assume that the diagonal of the matrix 7, shown in panel (a), is equal to one.?

From Figure 11, it is clear that the model requires substantial amount of heterogeneity in order
to reconcile the earnings changes and occupational mobility patterns of workers in the initial BGP.
First, notice that some occupation switches can be very costly in terms of human capital (e.g.:
switching from management to sales) while others are less costly (e.g.: from sales to production or
management.) In terms of non-pecuniary terms, recall that with v = 2 the values v/ are negative,
so a low value is of x is a positive for utility. Hence, the utility costs of moving from professional
occupations to anything else, except perhaps administrative jobs, seem substantial.

Similarly, Table 9 contains information on the scale parameters )\, which affect the scale of
the distribution of € shocks, with a permanent effect on income and human capital dynamics, and
parameters 7° and x° affecting the distribution of human capital and employment decision over
occupations for the entering cohort.

With this information, we simulate employment histories for workers and compute measures
of income inequality.*! Figure 12 shows the distribution of earnings in the model in the initial at
the beginning of the period (1980). The variance of log-earnings in that period is 0.49, consistent
with the data. Moreover, the distribution of earnings has a “fat” right tail, which is inherited from
the Frechet distribution and the persistent nature of the ¢ shocks and the selection over those and

over occupations.

38Proposition 4 indicates that it is not necessary to recover the levels of some parameters, particularly A/ and
the matrices 7 and Y, to solve for the equilibrium dynamics of aggregate variables neither for the baseline nor
counterfactual economies.

39We make this normalization since the diagonal of matrix 7 cannot be identified separately from the value of
the vector .

40We normalize the first element of \°.

41'We simulate a panel of 40,000 individuals over 200 periods which we use in all our computations in this section.
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Figure 11: Human capital transferability and Non-pecuniary mobility costs
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Table 9: Parameters affecting earning dynamics

Occupations A 70 X!
Managers 0.953 1.043 1.000
Professionals 0.975 0.923 0.914
Services 0.963 0.579 1.675
Sales 0.952 0.806 1.145

Office & Admin 0.967 0.750 1.224
Construction 0.952 0.895 1.104
Repair & Maint 0.948 0.964 1.055
Production 0.952 0.933 1.241
Transportation  0.952 0.824 1.349

Task-biased technical changes affect the evolution of earnings due to changes in wages in
different occupations, occupational choices and the dynamics of human capital. Figure 13 shows
that during the 40-years episode of tbtc, inequality in the economy almost doubles relative to
the economy without the shock. The change in relative terms subsides over time and completely
halts some years after the shock stops. In absolute terms, tbtc increase both average earnings and
absolute dispersion. Yet, the impact of thtc goes beyond the absolute levels of incomes, since,
as we have emphasized in this paper, the rate at which workers accumulate earnings depends on
the endogenous allocation of workers and human capital across occupations. In our calibrated
economy, the long-run growth rate in only driven by the exogenous change in the productivity of
labor, G4, which we set at 1%. Yet, the growth rate of human capital over a worker’s life cycle
does change and after the tbtc shock the rate of human capital accumulation increases. Thus
aggregate GDP not only grows due to the aggregate technological change, but also due to an
increase in the total accumulation of human capital.

As we discussed in the previous section, the selection of workers over occupations has an effect

on inequality. In particular, as the workers with the least strong comparative advantage across all
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Figure 12: Initial distribution of earnings in 1980
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Note: computed using model simulations for the initial period.

occupations are the ones that will respond more to the changes in economic conditions. That is,
workers relatively less skilled in routine occupations will tend to switch to non-routine occupations,
thus lowering the amount of inequality in routine occupations and increasing it in non-routine ones
(in relative terms). Figure 14 shows exactly this pattern. The different panels show the evolution
of inequality within each occupation (note that the wage per unit of human capital is the same for
workers in each occupation), where panels group occupations in the four broad categories. The
top two panels show the evolution of the variance of earnings for cognitive non-routine occupations
(top-left) and manual non-routine occupations (top-right). The two panels on the bottom show
the same information but for cognitive routine occupations (bottom-left) and manual routine
occupations (bottom right). While the effect of the these “more mobile” workers on inequality
is not overly large, the figure does show that inequality towards the end of the studied period is

higher in non-routine occupations than in routine.

5.5 The role of the elasticity of labor supply and labor demand

In this section we study the importance of labor supply factors and labor demand factors in
accounting for job polarization and inequality. Clearly, the effects job polarization and inequality
will depend on how easy or difficult is for workers to switch occupations. In an extreme case, if
workers cannot switch occupations, we would not see a change in the share of employment across
occupations, but most likely inequality would be higher. These are the labor supply factors. On
the other hand, if all the different factors of production can easily be substituted in the production

process, then all occupations would be affected by tbtc, and in this case we would expect a much
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Figure 13: Evolution of earnings inequality
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lower change in the share of employment across occupations and a lower increase in inequality.
These are labor demand forces.

Figure 15 shows the evolution of inequality for our baseline economy and for two counterfactual
economies. The first is an economy where all the elasticity of substitution between machines and
labor in each occupation j, which is governed by parameter v/, is the same. We pick the value of
v/ = 0.5. Relative to the baseline, earnings inequality in this economy is lower for two reasons,
on the one hand, the effect of thtc is symmetric across occupations, and wages in all occupations
change by the same magnitude. Because of this, the dynamics of human capital are different,
with a lower depreciation of human capital due to the lower amount of reallocation, and also, to a
slower pace of accumulation of human capital, which tends to occur in routine occupations. Note
that, in this economy, there is no job polarization as the effects of technology is symmetric across
different occupations leading to no net changes in employment for the different occupations.

The second case we explore is an economy where we restrict workers from moving. In our
exercise, we keep the evolution of wages identical as in the baseline economy and focus only on the
effects of human capital accumulation. The first effect, which cannot be seen in the figure given
that all economies are normalized by an economy with no tbtc shock, is that if we restrict mobility,
the overall accumulation of human capital is much lower. In this case, we prevent workers from
selecting their most favourable comparative advantage shocks e, which on average translate into a
lower human capital accumulation. The second pattern is that inequality in this economy, is larger
than in the baseline case. In this economy, workers cannot “escape” the losses from automation
nor move into jobs for which they have a better productivity. The compression of earnings due to
self-selection that is typically present in Roy models is not operative in this case, which leads to a

higher level of inequality. Note that, similarly to the previous case, as workers cannot move, the
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Figure 14: Inequality across occupation groups
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economy does not exhibit job polarization either.

Clearly, in an economy where workers can reallocate across occupations with no frictions,
inequality will be very compressed.

Overall, these exercises suggest that supply factors, which in our case mean mobility frictions,
tend to exacerbate earnings inequality, but reduce the amount of reallocation across occupations
and polarization. On the other hands, demand factors, like a more similar way to substitute
factors of production in the different occupations, tend to reduce the amount of inequality, but

also lead to a lower labor reallocation across occupations, and thus a lower job polarization.
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Figure 15: Evolution of earnings inequality
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6 Conclusion

We develop a dynamic Roy model of occupational choice with human capital accumulation and
use it to explore the general equilibrium effects of new technologies on the labor market. In our
model, infinitely-lived workers can switch occupations in any period to maximize their lifetime
utility. In our setting, a worker’s human capital is driven by his labor market choices, given
idiosyncratic occupation-specific productivity shocks and the costs of switching occupations. We
first characterize the equilibrium assignment of workers to jobs. A key result is that the resulting
evolution of aggregate human capital across occupations ultimately determines the long-run rate
of growth of the economy. We then use the model to quantitatively study how worker’s individual
occupation choices change with the introduction of new technologies, and in turn how this choices
shape the equilibrium allocation of workers to different jobs, the dynamics of aggregate human
capital, the behavior of earnings inequality, the evolution of the labor share, and the welfare of
the different workers in the economy.

The paper has a number of methodological contributions. First, we fully characterize the so-
lution of the recursive problem of a worker under standard CRRA preferences when the worker
is subject to a large number of labor market opportunities shocks in every period affecting her
comparative advantage in different occupations. Thus, we bridge recent quantitative work that

uses static assignment Roy models with extreme-value shocks with the standard recursive mod-
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els for households in macroeconomics. In this way, our model generates transition probabilities
across occupations over time. Second, we fully characterize the asymptotic behavior of aggregate
economies implied by the individual dynamic occupation choices of workers. For any given vector
of skill prices, we show that the economy converges to a unique invariant distribution of workers.
Although the Roy model has been studied and used in great length, we uncover important new
features which are present only in a dynamic context. We show that, generically, the reallocation
of workers to occupations combined with the accumulation of occupational human capital leads
to sustained growth over time for the economy. The growth rate in our model is endogenously
determined by the equilibrium occupational choices, and thus, changes in economic conditions
that alter worker’s choices affect the long-run growth rate of the economy. Third, we embedded
the workers’ problem in a fairly rich general equilibrium environment where different types of
workers are allocated to different tasks in production. We derive a very transparent and tractable
aggregation that arises from the assignment of workers to tasks. Then, we show the existence of
a competitive-equilibrium balanced-growth path, and for a simple version of our model we can
also characterize uniqueness. Fourth, by incorporating two forms of physical capital, we provide
a quantitative framework to study the impact of automation and other task biased technologi-
cal improvements on the earnings of different occupations. Our model of production and tasks
generates an intuitive expression that directly links the labor share of the economy with wages,
rental rates and the productivity of different types of labor and capital, allowing us to study the
effects of technology on the labor share of the economy. Fifth, we extend recent dynamic-hat-
algebra methods and show they can be used with more general preferences (CRRA) and with
human capital accumulation. As with other hat-algebra methods, the advantage is a substantially
reduced set of calibrated parameters needed for the quantitative application of the model. Sixth,
we discuss a variety of relevant extensions of our baseline model, ranging from workers’ age and
ex-ante heterogeneity, endogenous on-the-job training and occupation-specific automation.

Using our model we make a number of substantial contributions. Mapping our model to the
moments observed in the 1970s for the U.S. economy, we account for the changes in employment
across occupations and the increase in earnings inequality that arise from task biased technological
advances. An important change observed in U.S. labor markets in the past few decades is the
polarization of skills in the labor market. That is, the decline of employment in middle-skill
occupations, like manufacturing and production occupations, and the growth of employment in
both high and low-skill occupations, like managers and professional occupations on one end, and
assisting or caring for others on the other. Using our model we show how some task biased
technical improvements can jointly explain the increase in polarization, earnings inequality and
occupational mobility in U.S. labor markets.

In addition, our dynamic model highlights the long-lasting impact of permanent, but once-
and-for-all technological changes. Indeed, in our dynamic setting, once-and-for-all changes in

automation or other technological changes can lead to sustained growth effects. Our quantitative
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exercise highlight how this growth effect changes the conclusion on earnings inequality and welfare.
We emphasize that the welfare and inequality implications for technological changes can be vastly
richer than those obtained in other settings as they originate not only from changes in skills prices
in each period but also on changes in the equilibrium growth rate of earnings. Thus, on the one
hand, the positive impact on some workers is not only due to higher level of earnings but also from
a faster growth. On the other hand, some workers can be worse-off due to lower levels of earnings
and a higher rate at which they change occupations. These aspects are fully incorporated in our
exercises.

Our theory opens a number of exciting avenues for future research. International trade, off-
shoring, and migration policies, can alter the demand for workers in different occupations in
an asymmetric fashion. Our model highlights how these type of changes affect not only the
distribution of workers and human capital in different occupations, but also affect the rate at
which workers accumulate human capital over their life cycle, and depending on parameters, may

affect the long-run growth of the economy.
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A  Proofs

We assume that 0 < w = min; {w’/} < @ = max; {w/} < 4oco. As in the text, denote the flow utilities as

-
w = TJM for v # 1 and v/ = Y7 4 log(w’) for v = 1. Also, denote u = min; v/ and @ = max; u’/. For all
values of v > 0, the verify conditions on 7;, and €, such that we ensure the existence of upper and lower bounds
—00 < v < U < 400, such that the relevant range of normalized conditional expected values remain within those
bounds, i.e. v € [v, 17]‘]. The bounds v, v depend on the utility curvature v as we explain in detail below.

Proof. Lemma 1: Existence and Uniqueness BE. For any vector v € R’, define the operator T': R/ — R’
so that, for each entry j:

(Tw); = uw + BE. max {vé (Tjgﬁ[)li’y} )

Qonsider first the case 0 < v < 1. Here, u/ > 0, and the relevant values of v are all positive. Denote also
® = max; @;. In this case, we can define v = 0, the J x 1 Vector of zeros, as a lower-bound. As an upper-bound,
let v =1;x i.e. the vector with its J entries equal to We first confirm these bounds. Start by noticing

5% 5%
that T is monotone, i.e., if v1 > vy (pairwise,) then Twy > Twe. Next, notice that T < v, since, for all j:

(To), = u +BE max {17 (Tqu)liv}
_ _ U

Finally, notice that, (T0;) > 0, since for any j:
(T0;),; = v’ + B E: max {0 X (Tjeez)lﬂ} =ul > 0.
This proves that for any v € [0, 7] then Tv € [0, 9]. Let any vy,v3 € [07,7]. Then

HTUl —TUQH

max [u/ + § E, max {Ull (Tjg€g)1_’y} —uw — BE, max {UM (Tj@é[)l_’y}‘
J

= ijax E, m(-}ax {’ULg (Tj@é@)li’y} — E, m?x {’Ug,g (Tqu)lv}'

< f[max
J

E. max { (Tj@&[)lv}‘ max |10 — va |
= 6@”’01 7’02”.

This verifies that T is a contraction when f® < 1. Using the distance function induced by the uniform norm,
[[v]| = max; [v7], the space ([0,7],]||) is a complete metric space, and hence a unique fixed point of 7" exists and
is unique.

We next consider the special, case of v = 1. In this case, v/ = Inw’, and the Bellman equation (4) becomes

V (j,h,€) =u? + Bmax {EJV [, 1, €} (43)

Following the same steps as when v < 1, we now verify the hypothesis that E.V [j, h, €] = v + B1In h, for some B.
Taking expectations in both sides of (43), and using the law of motion for the accumulation of human capital (3),
equation (43) becomes:

v/ + Blnh =4/ + BE. {max {ve + B[ln(h)+1In (ijgq)]}} .

Then, the hypothesis is confirmed with B = 1/ (1 — ), and v/ defined as a fixed point of the operator 7' : R/ — R’



so that, for each entry j:

In (7
(Tv); = =u! + BE, {max {vé + Hl(TM;Z)}] . (44)
Conditions for existence and uniqueness of a fixed point v € R are as follows. We first ensure that there are finite
lower and upper bounds. To this end, notice that the distribution of ¢, is such that —co < E, [max, {In (7} ¢¢,)}] <
oo. Then, the overly slack bounds can be set to:

Inw + (lnmm) " Ee[mmlni{én(ez)}])

v o= ’

1-5
i+ (g 4 Edmelaleol)
v = 1_ /6

Clearly, these bounds are overly slack and both are finite as long as Ty = min; ¢ {7j¢} > 0 and Tyax = max {74} <
00, which we have assumed all along. It is straightforward to verify that the operator T" defined by (44) maps the
rectangle [v, 9] into itself and it is monotone. It is also straightforward to verify that as long as 0 < 8 < 1, then T
is a contraction on the complete metric space ([v, 7], ||-||)-

Finally, consider the case of v > 1. Here, all u? < 0, and the relevant values of v are all negative. In this case,
we can deﬁne the upper-bound to be v = 0y, i.e. the J x 1 vector of zeroes; the lower-bound can be taken to be
v=1;X = 5 5 1.e. the vector with its J entries equal to ;—=. To confirm these bounds, first notice that for any
v <0, Tv < 0y. In particular, (T0;) < 0, since for any ]

(T0;); = v’ + B E: max {0 X (ij)lﬂ} =l <0.

Next, notice that T'v > v, since, under the definition of ®; = E. min, {(Tngg)li’y} and the assumption that f® < 1,
for all j:

(Tv), = u’ +pBE. max v (Tje€e) _7}
= w4 BE, ma { —Tje€r) _ﬂ’}
= — B E, mln{ T]gq - } (—v)
= u-+ Bq)jy
_ i
> u+ pdv= =.

1- 3%

The operator T is obviously monotone and the condition 3® < 1 ensures that it satisfies discounting. m
Proof. Lemma 2: Derived Distributions: Write Fx () = Pr[X < z], where > 0. Consider first the case
~v < 1. Then:

Fx () = Pr[ng]:Pr[el_7§x]:Pr {eg(gg)ﬁ}

which is the cdf of a Frechet distribution with scale ()\5)1_7 > 0 and curvature % > 1. Consider now the case
where v > 1. Then,

Fx(z) = Pr[X<az]=Pr[e <z]=Pr {6 > (m)lﬂ}
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which is the c.d.f. of a Weibull distribution with scale (A;)”~" > 0 and curvature 7% > 0. Finally, consider the
case of v = 1. Here x can be positive or negative. Anyway,

Fx(z) = PriX <z]=Prilne<z]=Prle<e’]
z\ —o _[e—ing]
= ei(%ﬂ) = e_e /e

which is the cdf of a Gumbel with location parameter In (A¢) and shape parameter 1/a > 0. m

Proof. Theorem 1: Worker’s Optimization Problems. We first prove the statement about the functional
form adopted by the value function that solves the BE. Second, we prove the statement on the functional form
for the switching probabilities. We skip the proof for existence and uniqueness since it follows from Lemma 1 as a
special case.

1. Functional Forms of the BE. As in the text, for all 0 < # 1, define

0 (1*7)1}2.

it = Tje

We now solve for the expression E. [maxz {ng (65)1_7 H and plug the solution in the formula for the value function

£ [ {0 (')
J o .
_ ;_:1/0 Qe (e) " ] Pr

0.\ T
€r < <Qﬂ) 65:| fler)des
ik

k£
J o 0\ T

= Z/ Qe(eo) I F <QJ> 64} fee)dee
=170 kst ik

o e DT ) ()
= ;/0 Qe (er) He e\ <)\£> ()\[) dey

k#€
1

Q; fe= e .
b (@) e ey
= > | Qele) e a (e de,
0 e \

=1

A - ol (a2 ﬁ(k)”}(e,)—“
= Z/ QJZ ()\[)Oze |: k 1(9]2) k ¢ a(Ge)i’Yioé dez.

=170

The first equality is by definition, the second holds since the € shocks are i.i.d. and therefore the joint c.d.f. can
be written as the product of the marginals. The third, fourth and fifth equality hold by using the definition of the
c.d.f.s; the sixth groups all terms, and the last two steps result from regrouping and simplifying terms. Now, to
solve the resulting integral, change variable and define

z= Lil (?ZJJI;) o ()‘k)a:| I

Therefore,

Q=
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Substituting these three formulas in the last expression, we get:

E. {m?x {Qﬂ (ee)l—”}}

) é/om P )" e e 1<le;>1&7(%)&}(%)aa<6e)’”’“ (der) (45)
- ST (W (@) o ) e () o] i

- Saor [ 0] B o] [

- o (=) oot [ (82) T o] T "

where the last line uses the definition of the gamma function. This expression is valid for all 0 < v # 1.
Now, consider the cases when 0 <~ < 1, and ;5 > 0. Since they are positive, we can directly take the terms
Q¢ as a common factors from the summation within brackets of (46) we get

1—(v+a)
J J o
_ 1—
E. [m?X{Qje(ee)l 7}] B F(l_ av)zgﬂ()‘f =Y ()T ()
: =1 k=1
1—(v+o)
1—7 J J :
T o

(=1 k=1

Il
=
7 N
|
—_
|
2
N————
—
[~
7/
<
~
N—
>~
<
S
N
1
Q

(1=)

where we have used Q;; = Tie v¢, and, as claimed in the text

a a

vﬂ—uJ+ﬂP<1—> {i( )7 (AeTie) }

Next, consider v > 1. In this case, both v/ and € are negative. Obviously, we can re-write expression (46) as

1—(v+o)

a

B, Jmax {9 (e} = -0 (1- 122) f_: 950l (0)° L‘é ('&’j)ﬁ w)ﬂ] |

where || is just the absolute value function. Then, by following exactly the same steps for v < 1, we obtain for
~v > 1 the expression

1—n
o [e3

ﬁp(l_)[jg( o AM} ,

where we have used the fact that 7;, > 0 for all j, /.
II. Switching Probabilities. Next, we characterize uj,, the probability that workers attached to occupation j
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switch to occupation ¢. As before, consider first the case of v < 1. Then

wie = Pr [ij (ex)' ™7 < Q0 (e@)l‘”} for all k # ¢
Q.
= Pr {(ek)l7 < 23t (64)17:| for all k # ¢
Qi

1
Qi \ T
Pr {ek < (—”) e@} for all k # ¢,
Qs

i.e. the direction of the inequality is preserved both times.The first time because we are dividing by £2;; > 0 and

1
the second because the transformation (-) =7 is monotonically increasing. Consider next the case when v > 1. Then

wie = Pr [ij (ex)' ™7 < Qe (e[)l‘”} for all k # ¢

L _
= Pr {(ek)l 7> 2 () 7} for all k # ¢
Qi
N\ T
Pr {ek < <ﬂ> €zj| for all k # £.
Qi

i.e. the direction of the inequalities inside the probabilities is reversed twice: The first time as we are dividing by

1
a negative number, 2, < 0, and the second because the transformation (-) 77 is monotonically decreasing.
Therefore, for both instances

1

[0 () o
PR e

k#L

_ /°° He‘<(>>e() (Z) (;‘;)_M deg

0 kte

Hie

., \ o7 e
/oo _|:Zil|:(n;}i) 7ﬁ:| :|(£l)a a (6Z>1ad
0 A \ g ¢
Lk

(Ae)® /Ooo ¢ {Zi{il KTM) ﬁ)\k} a} (q)*“a ()" % deg

Change variables to u = (e)”%, and du = —a (e/) "' de; which also requires switching the limits of integration.

Thus 1 @ 1 (e
e SR S R
Hje = — ()\e)a/ € ) <ﬂﬂ) ' du = ()\e)a/ e 17" <Qﬂ'> * du,

0
and therefore

(Ae)® N
() |

Expression (47) applies for all 0 < v # 1. For v < 1, ©;; > 0 and can be taken out as a common factor for the

Hje = (47)

=i
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summation in the denominator. Doing so, using Q;, = T](; My and simplifying

{)\sz (Uz)ﬁ} ¢

Yot [Aijk (v’“)ﬁr'

Hje =

as claimed in the text. For v > 1, Q;, < 0, then, using absolute values, we obtain

[)\sze (—vf) ﬁr

" S e o

Kije

2

as claimed. m
Proof. Lemma 3: Conditional Expectation of Human Capital. By definition, the conditional expectation
is

jL
ik

Jo© € Tppe Pr {Ek < (3 )ﬁ Ez] f(ee)dey
Jo " Tljee Pr {ek < (gji)ﬁ q] f(er)deg

I el P | ()™ ] st
Hie

1—
E [6[|ng€g = Hl]ilx {ng (Ek) ’Y}} =

)

where ¢ is the mass of worker switching, which from Theorem 1, is given by pj, = [ () . 1o

()] |

solve for the numerator,

- oy @™ e g
[ ) e = [ 7 o 2 1)

kL

Q. % -
T T
= / €€ <>\> dey
0 ¢

Now, to solve the resulting integral, change variable and define

2= [i () o (Aw“] ()™

k=1

1 1
«@

With these substitutions, ¢, = [Z]_Tl [ i:1 (ij)ﬁ ()\k)”‘] " and deg = =L [z]%*l [Zi—l (ij)ﬁ ()\k)o‘} " de.

ng Qj@
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With these terms plugged, the expression for the numerator becomes:

RN i e
- cvf{g;(gg)ﬁ”uma(x [
- r(1;)<Awa[§;(fﬁj f”(Awa}i
o g B ) o]
- (g iﬂ(égi“uw“
= r(pé) e el

Dividing by p;¢, the result attains. m

Proof. Proposition 1: Invariant Distributions for Workers and Human Capital, Exogenous Wages.
For (a), notice that since 7j, > 0, then every entry of the stochastic matrix p is positive. This implies a basic
mixing condition,i.e. that for any occupation there is a positive probability to transiting to any other, i.e. for all
4,0, ¢ > 0. A standard result for Markov chains (e.g. Theorem 11.2. in Stokey et al. (1989)) it follows that there
exists a unique invariant distribution and that it is attained from any initial distribution. Similarly for (b) all the
entries of the matrix M are strictly positive; hence, from the Perron-Frobenius theorem,its largest eigenvalue has
always multiplicity equal to one (i.e., not repeated), and it is real and strictly positive. Moreover, the associated
eigenvector, the Perron root, has all its entries strictly positive and real. Since asymptotically, from any initial Hy,
the dynamics of H; = HyM? is dominated by the Perron root, the ratios H;(j)/H¢(j) will converge, for all j to the
ratios of the Perron eigenvector. m

Proof. Proposition 1 (Cohorts): Invariant Distributions, Exogenous Wages. The law of motion for the

employment shares of workers is
9t+1 = 600 + et/,b (1 — (5) 5

which, after some obvious iterated substitutions can be writen
t
O =66° > [u(1—0)".
7=0

The term thzo [ (1 —6)]" always a converges to a finite matrix [I — p (1 — 5)]_1 since the largest eigenvalue of u
is 1. Hence,
0= 00711~ (1— )",

would be the invariant distribution of employment of workers across occupations.
With respect to the human capital vectors, we have

Ht+1 :5H0+Ht./\/l (]. —5)7
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le.:

Hy 1 =6H° zt: [M(1-0)]"

7=0

If Gy, the Perron root of M, is less than (1 — 5)_1, then we can repeat exactly the same previous steps and the
invariant distribution would be
H=6H[I-—M(1-6)".

If instead Gy (1 — &) > 1, then H;y1 would grow over time. If Gy (1 — ) > 1, then H; the growth is exponential.
If Gy (1 —6) =1 it would be arithmetic. In any case, define the scaled and detrended human capital as

b g0 Do M=)
S VANTEPICE

Then, the following limits are well defined:

S1—Gup(1=0)]I-M@A=8]" ifGy(1-06)<1;
. t [IM(1=6)]" .
lim HtD — HO « O limy_s oo w ifGg(1-90)=1,
t—o00
. L _oM@A=9)]" .
§limy o | Zzzol0 L if Gy (1-6) > 1.

Gp(A—08)—1

Note that the scaling does not change neither the eigenvalues nor the normalized eigenvectors of Zi:o M1 -0)]"
for any t. In all three cases, the limit terms in the right-hand side are well defined, bounded, strictly positive and
real. Hence, in each case, the Perron root is strictly positive and non-repated. Hence, the Perron vector is also
uniquely defined, real strictly positive, and once normalized, it will uniquely pin-down the asymptotic cross-section
distribution of workers. m

Proof. Proposition 2: Firm Optimization. The probability that labor is used to complete task x in occupation
7 at time ¢ is,

J M
Hj _ Wy L
o (zH’f<x> ) zM%))
¢ ¢
o] M
— / Pr (oM < [ Hi ) o (H )yt
0 wy

0o _(7{” LH.j )"’j _(ZH,j )"’j ) H,j —1-v;

= / e \wiafhd e \aid ( i ) (Z) dzt
0 AT )\ Al
% ,(ﬁgy,(m )*"-f , Hy\ 1Y

= / e \wiaghd afd Vi Z - dzf7
0 A )\ A

M —v —vg
) 00 _[("t. 1 > ’+< 1 ) J] (zH9)=v5 1,
P M, H, . J .
— oy, (A / o L\ug A Al (ZH,]) Az,
0
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Let u = (ZH’j)_Vj. Then du = —v; (ZH*j)_l_Vj. With these:

oy [Pl ) ) -
ﬂfld — 7(A1{_In7)l’j/ e w] aMi AHJ du

oo

(Afﬁ)wt/woe[<f§A&”>_%+<A%4>_%]udu
0
Corate)  + (i)

(w]) = (A7)
(ri)~ ”J(AM’J)”JH )7 (A

= (Al

. . .. . . . . M.j H.i
as claimed in the text. Similarly, for machines, simply use the previous expression, m, ¥ =1 — 7" and hence

M, (r) s (A7)

Y = - : —,
() (AT + ) (AT

Now for the unitary cost of the aggregate bundle of tasks, Cf , note that we can write the expression as,

i\ (I-n)
(1-m) [ w! N T 4 -
J _ t M,j t Hj (L H,J H,j
(C ) = /0 (zH’j> Pr (z < 77 > [i(z57)dz" +
t ?

M —Vj —vj . ) M [y _u /v
Let up = {(:ZTT;”) g (T{l‘*’*j) ]} (2H:3) =¥ which implies that 27/ = [(%A}w]> gt (T{l{,j) ]] (Ul)fl/l“

. —, . ‘
Similarly, let ug = [(:ﬁé ﬁ) gt (ﬁ) J} (2M:3)=7 which implies that
t " t

) wl —v; —v; “1/y
M“:{Gﬁﬁﬁ) + () } (ua) 74" Then,
L t t
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1/v; —2-vitm

4 i\ (1— iy [0 KMo\ 1\ " —1/v;
@) = wrrmer [ [(F) () ]
. —u. 1 Wi
M1 '7+ 1 ’ (4) 11 g
wl AM A 1 1

Vj

1w\ ~27vitn

A ’
—v —v _1_11/]"
= (w]) A (] )= (A H Y ) () r(1+—1)+
K AiM’j Aflj Vj
_1-1=
M iz j —vj v;
MY (1=n) (.M =vj—(1=n) ( \M.jv "t Wi i1 L-n
(ry") (") ( )" (AM’]> + <Af’3 + ”;

Therefore,
. 1_77 1/(1=n) Mo o o Hoo _%
cz=F(1+ ) ()= ARy + (wl) (A ]

Vj

Finally, the formula for the unit cost of the occupation bunddle, C’tQ , and the final good prices, P;, follows from the
well-known formulas for the unitary cost implied by a CES production and a Cobb-Douglas production functions,
respectively. m

Euler Equations of Capital Owners.
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Capital owners take as given the real rental rates of structures and machines. In units of, these rental rates are
denoted

K_ T g _ e
Py = ?t and Pt = ?t
Then, the Bellman Equation for capital owners is defined as:
VK (K, My, B;) = max {u (ctK) + BVE L (Kpi1, Mig, Bt+1)} .
Bit1,Ki+1,Mi41
subject to
J
vy
Cf( = ptI<Kt + pgwMt + RtBt — Bt+1 — ItI( — ZI" J
j=1
K = (1 - 5K) K, + eKIE.
M, = (1 - 5M) M+ eMIMI =12,

where r, = R;/P; is the gross, real interest rate and B; is the net financial position (bonds) of the capital
owner household. We consider (a) a small open economy where the rate R; is exogenously given in world financial
markets, and (b) a closed economy where B, = Byy1 = 0 and the interest rate is determined by {¢f*}. In either

case, capital owners take as given {rt, oK, piw J } The first order conditions and the envelop conditions for this

problem are standard. After simplification, they lead to

K v K Riyr _SK M Rit1 _ M
Riyi 1 [ G Tt+1 _ P (1 0 ) and Tir1 _ P (1 J )
—_— Pl _— 9 - ?
Py ct Py 3 Py &M

which are the same expressions as in the text.
Proof. Proposition 3: Aggregation, Intertemporal Equilibrium. Using the equilibrium determination
conditions (24) for any j and ¢: Using the equilibrium determination conditions (24) (25) for any occupation j:

. — Vj . l/]'
; J H,j
N CONN ).

M,j N\ Vi M.V
() ()

Moreover, by definition of factor shares: in each of the occupations

i) M7

H,j w M.,j P

Wt’J:7j jt tj jandﬂt ’]:7]. jt tj 5
wi H] + pl M wi] H] + pl M}

Then:
. AN H,j\"i o
s () () wim

M,j — N\ — UV N2 i
T () ()

Using the latter equality to solve for wi /p]

vy

W _ (M T (AT (48)
o \m) \am)
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By definition, CJ Q! = w! H} + p! M. Hence, C{ Q] = pl [%Hg + Mg}, and therefore:
t

[%Hg + Mg}

J . i
Y=

Next notice that using the formula for the minimized cost Cg in Proposition 2, we obtain:
Nt
\ v AN
(6 (2]
Wl
i

[ + 0]
) ()]

With this, we can rearrange and then substitute the formula (48) for w? /p!

cj 1 =
— 1—n
— =T (1 + n)
Pt j

vj

Using the last equation into the last formula for Q]

Q=

1 (Kfj) o (A;f],) T Htj -l-Mtj
i A Hi Ar
Qt B F<1+ Vj > v, :—Jl
M,j\" A
(At j) + —— i
(5H)™ (k)™
Hl AN
14v;
1 v; v; .
1-— n—1 N L i |
(e ) [l )
J

The last formula obtains after regrouping and simplifying the previous equation, and coincides with the one in
the text. The formulae for @; and for Y; result from simply using the CES and the Cobb-Douglass aggregators,
respectively.

For part (b), the formulae for the rental rates and unitary wages, obtain from direct derivation of Y; with
respect to the respective factor of production and then simplifying. m
Proof. Theorem 2: Existence of an equilibrium BGP.

To establish existence, we use the equilibrium conditions of the model to construct a continuous mapping f
from a closed set to itself. We will work with a closed set of machine-to-worker ratios, x; = J\h/{—j forj=1,...J. We
explain why a fixed point of such a mapping induces a solution for all the other relevant variables for an equilibrium
BGP.

Recall that total output is given by

i
(4ve-1) 7 S22

vip

J Vi Vi
Y= (K)? 30T, {(AtM’jMz) 4 (Af”ng‘)”"j] , (49)
j=1

p—1
where we have kept the notation I'; =T (1 + 1;—J"> 7"V to shorten the expressions.

We consider a BGP in which ‘ 4 ‘ ,
AT — g (G L)', and AMT = oM

where afi > 0, a™J > 0, and G4 > 1. If Gy < (1—6)"", the economy settles in a steady state vector of
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human capitals H7, total output will grow over time at the rate Gy = Ga. If instead Gy > (1 — 5)_1 then
there would be sustamed growth in the vector of aggregate human capital, which, in a BGP would be given by
H J = HI [Gr (1-— 5)] In this case, aggregate ouput Y; and aggregate structures and machines Ky, M; J would all
grow at the rate and grow at the rate Gy = G (1 — §) G4. With this definition of Gy, total output would follow:

A-e)
(4 (p-1) 7 g’

vj v vip

ZJ:FJ«{ {Mf~aM’} i [H] a7 [Gy)! }*} . (50)

Then, in either form of BGP, the rental rates of structures, p’, machines, p™+, and of unitary skills prices wi , will
be given by

%
A
oy P S T 5 5 5
P = (1) [P O, ]\gf;j +J+[Hﬂ'aH=j} e 9 [a?7] [(Gy)t}l_w_r”j [pf]
- - y reeon) )
wl = (1-¢)[K]° e, %fff Wj+[HjaH»jﬁj J [at19] = [(@a)] " iy,

(1-¢)
A4r) -1 Y g1
v p

Vi
t| 1+v v
where ©; = Zizl T <{MtkaM,k (&) } "y [HkaH,k]1+}f/k>

The first equation indicates that the output-to-structures ratio must be constant along the BGP. Hence, K;
must grow at the rate of growth of Y;. The second equation indicates that for constant rental rates for machines,
then, the stock of machines MJ must grow at the rate Gy . In this way, the term MJ M.j (Gy) is constant over
time. Let M} = m7 (Gy)" and K; = k (Gy)", then, after simplifying:

(tve-1
, , Rt B B . Vi P R L I
pM,J — (1 — ) [k]ﬁ(’ o, { {m]akﬂj} 1+v; + [HJGHJ} v {aM,j} v [mj] T, ! . and (51)
(tve-1
, A T R vif H 1:’; Vi .
wl = (1= ) K7 @0, 8 [ m/a] T 4 [HiaHa | [a] 7 ()5 (Ga)' - (52)
With exogenously given time invariant and strictly positive productivities { aM> i gt } 1> We now use

equations (51) and (52) to define the continuous mapping f from a closed set of machine-to- Worker ratios, x; =
mI/HI, j=1,..J, toitself, i.e.. f: A — A7 where A = {x eRY : Z;Izl T; = 1} is the J-dimensional simplex.
To start, fix any 2 € A’ such that xj >0 for all j =1,2,...J, and re-write (52) by (51), in terms of :

(+ve-1)

1 vip vj

(1- ) 97 T [a19] ™ (9] ﬂ{<[xjaw] +[awy+w>} 2™ (53)

(14+v)(p=1)

v v

v v

; o -1
J i '

wl = (1= @) [k oL [af9] T Laka {([xjaM’j} T (a9 )} Ga)'.  (54)
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For any j, divide (54) by (53) and obtain:

vi

v 1 ¢
) () (Ga)

H,j

- (a
J _ M,

w] = ,
t =P aM.j

That is, unitary wages in occupation j depend on the rental rate of machines p*+/, the relative productivities of
those two factors, and the machine-to-workers ratio x; specific to that occupation and a common growth term.
But since the rental rates of machines across all occupations are equal, for any k& # j, then

2 1
w’ w! Zzir];) T ()T
= (x)= L =
wk( ) wf oH .k 1};’3;? = ’
(aM k) (wg) TF

which is positive and well defined since z; > 0 and x; > 0. Then, % (z), the relative wage of occupation j
relative to occupation k is constant over time, and a continuous function of x. Recall that, the relative wages
w? /w* uniquely determine the value of the relative supply H’/H* because of the homogeneity of the dynamic
programming problem of workers. Specifically, following Proposition 2, let H° (w) denote the vector of human
capitals from new workers, implied by their initial occupation choices, given w (x). Then, define:

1-Gulw@] (1= -Mw@](1-0)"" if Gulw(@)](1-6) <1,
HP (Z‘) = HO [w (l‘)} % limt—>oo {Z:ZO[M[wt(w)](l_é)]T} if GH [w (I)} (1 — (5) = 1,
fimy o [ E’G;’,ﬁﬁ?ﬁifi”t‘i?‘ﬂ if Gy [w ()] (1-6) > 1,

S Gple@]O-8)-1"

where Gy (w(x)) is the Perron root of M (w(x)). For each j, define the function H (z) as the j — th coordinate
of HP (x), which, up to a scale, defines the human capital in occupation j as a continuous function of x. In sum,
with the equilibrium = we can solve for the aggregate supply, using the equilibrium occupation choices and human
capital accumulation of workers along a BGP.

Similarly, given x, we now show how the equalization in the rental rates of machines define a continuous
mapping for the relative investment in machines across occupations. For any two j # k, equate their rental rate of
machines (53), after cancelling common terms and rearranging and obtain:

4 (p=1)

M v LM v 1 v

gy Tl ) (e 5 o] ) 175
P o ) o ey GeD "
Ty [aM k) o [HF] % {([xkaM”“]T"k + [afl k] T )} wr (k] T

We use this condition to define the function of relative investments in machines for occupations j relative to
machines in occupation k that would equate their rental rates in a BGP:

(1+Vj)(/7*1)71
M LM vip . i
T (et ol e IR e b
MJ'JC (x) = F HP (-1 _,
k k (f M| T HEeE=\" vke Mk Yk
([:Cka ) ]1+uk + [a , ]1+1/k) [a , xk] oy
M,k ()

For any fixed k € {1,...J}, define Fj; (z) = for all j. Fj (z) is positive for all j and continuous on x.

HY (x)
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Scaling it as
Fjx (z)

Sy For (x)

implies f(z) € A’. It also makes the function independent of the chosen denominator k& and thus defines a
continuous mapping f : A7 — A7, From Brower’s fixed point theorem (e.g. Mascolell et al. (1995), page 962)
there exists at least one fixed point x € A7, i.e. z = f ().

Having determined a fixed point z, then the level of the productivities {aM i q };,]:1 determines the rel-

f(x)

ative level of Q/K, and given p¥, the determination of the value of the constant k = K;/Y; is standard and
straightforward. m
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B Dynamic Hat Algebra

The following equations describe the set of equilibrium conditions of the model. For simplicity we take the case of
~v > 1 and a small open economy with cohorts (stochastic lifetimes), which we use in our quantitative application.

0,5
9t+1

t+1

Ry
P

K
Tt+1
Py

M
Ti+1

Pt+1

.
(w]/P)' 1-79) [{ o ol °
tlT - {1~ Z;(*”fﬂ)“” (TjeAe) (55)
RS ==
[AeTje (—viiq) 1*”}
J k 41« (56)
Sir [ (~vkia) 77
J 1 i é
—0) ZF (1 - a> Tje Mo (ui ) H] +6H (57)
Z“ O 00 (58)
1 qa
, SN
[W ()]
J 1 qa’ (59)
[/\kTOk( Ut+1)177}
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1—1
g (1 )i o] (60)
1+Vj—p
(1+V )(1 ) _r L _ - elp— 1 U j TF;  ipe
o 2 s e ()
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N\ T 1/(1-9) \ 175
(1+V )(1 ) M (1+v (H_ilyj) Ct] T+v; % Yl.t ;
r (1 + ) (Ag ) (Mj) N (1= @)Y,) ™% s (62)
t Kt
SDE (63)
-1
L i\ Vi i\ Vil v
1-— 7)>ﬁ Aiwd : A{ﬂ] i
i1+ + X 64
( vj Krz“”/Pt w] /P, (64)
; b1 atrpe-n R
- 1-— =1 , N T i \ oL i p
(K)? > T (1+ V_TI)M [(A{MMg)l+ T4 (A{HHg) iz } (65)
=1 i
¢ Y
(%) -
t
Ry K
Py 70 67
P ) (67
1TR 1
- (gtﬂ) [ g —(1—6M) o
(69)

We now operate over these equations to achieve a more tractable set of equilibrium conditions. Take the ratio
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of ng and v] using (55).

; i 1—v ; — —’Y
vy (wli/Pen (w /P 6F( =) [ o [Zz 1 (=Vi0) T (T]W)]
i 7/P, (1 =) Z —0i) T (T3eAe)”
Vi Wit T =1 {Ze (= ”t+1)j (Tjé)\e)a]
1—y i J o 1_77
_ (thrll/PH-l) (I)J (1_(I)J> Z Ut+1 1 7 (Tjehe)” (—Vpyo) T
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1—n
J =
. . i R 1—v .
= ol (ats) (o) [ ™)
=1

J (wt/Pt)l 7
where, ®; = oyl

Similarly, take the ratio between /ﬂe and ujf using (96),
t t—1

(o3

£ 1—

0 <Ut+1> ”
J 13
M _ vt

He—q Zifl >‘k ]k( ”t+1)

( ,Urn)l ¥

@
I—v
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7Jt+1 7
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ZJ GO [ Vig1 ) T
k=1 Mt ol
Al \Toy
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— - o

)DHERY AR Gy

Call MI“ =T (1—2) A 79 (pd) 1= %, then we can write equation (57),

J je\1-%

1% 14 j 0,¢

H{,, = (1-9) Z (Mjfé ) M2, H] 4+ 0H .
-1

And for the entering cohort, take the ratio of HSfl and 097

1){+1 ﬁ
00 2J ol
t+1 — t (70)
6 T g0k (vEa )T
D=1t ok

For output, we start with the expression (65).

Y= (K (Qi77)
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where ,
. (v (p—1) 7 =T

1 v v
1—n\7D g N T . A v
0, = ZF(1+ ”) [(AgMMg)”ﬂ+(AgHHg)” ;
=1 Vi
and the hat algebra is
~ N P A
- (o) (@7)
Define Q! as,
1+v;
1 v v 7
- L=\ T [ty N L (it \ T |
J_ j j i JH rrj i
Qt_F<1+ ? ) (At Mt> —|—(At Ht) }
and note that, by definition of the CES aggregator,
J ezl ﬁ
Q= |> (@) (72)
j=1
then, the hat algebra is
| p=17 55T
p—1 3
: (@
Qui1 = )"
- [Z (@) (3

note that by (72), {23‘1—1 (%) ﬂ} = 1 and each of these terms in the sum is a share of the total (by properties

of the CES function, is the share of total expenditures in @7, i.e. C’tj {, out of the total value of @), i.e. C’tQ Q.

For now, define
p—1

, QN 7
o ="
Q1
The hat algebra for Q{ is,

1+vy

v

1 v
N 1—n\n1 AIM A T
g+1:r<1+ 7 > (Aint.,) ™

APMIN T g Yo (ATTHT T
] t+144t41 7
Qi Q;

Using the following identity, which can be easily derived using the definition of 7 and the equilibrium shares,

o (P05 A
mr = Qi (73)

.. TH . . .
and similarly for 7], we can rewrite the previous equation as,

oY
Qt+1 =

Vi Vi v
M g TTv;  jM FiH fyd v, GH
(At+1Mt+1> Tom + At+1Ht+1 T om

Combining all the previous results we have,
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And the law of motion for QZ is,
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We now derive the hat algebra for wages, rental rates and unit costs. The expressions for real wages and rental
rates use (73) and

J J J
j M Ct 7. Wy J jH Ct J
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After some algebra, it follows that
M vj

o 5 e oy

, g —p
using the optimal CES demand, Q] = (cc*?//lz) Q+, we have
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using the condition % Q: = (1 — ¢)Y;, and the aggregate production function,
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and similarly for wages,
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The hat algebra for these expressions is straightforward,
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We have the unit costs inside these expressions, which itself depends on rental rates and wages. The hat algebra

for unit costs is,
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and using (73),
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We can manipulate the Euler equations to get,

N Rt K
Par B0

Rigr _sM\ _1
’IA’%l _ 1 Pii1 (1 0 )étf‘i2
Piyq &M, ) - (1-0M) Aflil

82



Then, we can express the set of equilibrium conditions under perfect foresight as,
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It is clear from the previous of equilibrium conditions of the model, expressed in changes, that a very large set
of parameters are no longer present, as described in Proposition 4.

If the economy is initialy in a BGP, which is our assumption in the quantitative application, one can pin-down
the initial value of the endogenous variable ®} given some normalizations.*?> In particular,

1—y
j L=9)\ —(1-v)/a M
@321—51—5r<1—( )ul- v )] :
0 ( ) o 3, I'(1-1/a) ng—l/a)

B.1 Counterfactuals

We now describe how to conduct counterfactual experiments using the dynamic hat algebra. For this, we assume
that at time ¢ = 1, a fully unanticipated shock hits the economy in terms of a change in the sequence of TFP or
the price of equipment (i.e. A or f ). The expressions that need a careful adjustment are the dynamic conditions of

the workers. We denote with a tilde variables in the counterfactual equilibrium. Note that at time ¢ = 0, variables

42Tt is important to highlight that Proposition 4 is more general, and the assumption of an initial BGP is not
required. However, outside of the BGP, some additional data is required given that normalizations are no longer

valid.
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in both cases are the same, as the shock is only know at t = 1. We then have, for ¢t = 1,
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time t = 1, relative to the baseline, due to the unexpected shock.

where, @6 = . Note that, the new variable ¢]i captures the jump in lifetime utility that occurs at
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For all other periods (¢ > 1) conditions are very similar to the baseline case:
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C Welfare

To characterize welfare in this economy we use the following equilibrium conditions,
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Combining these equations we get,
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Under a counterfactual economy, we have
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Define d; the consumption equivalent measure for the counterfactual economy, such that
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D Extensions

In this appendix, we show how to extend our baseline framework along various dimensions that are both quantita-
tively and conceptually relevant.

D.1 Heterogeneous Workers

In addition to their human capital levels, h, and their current occupations, j, workers are heterogenous along two
other dimensions. First, workers belong to different groups, indexed by e = 1, .., F/, defined according to observable
characteristics such as the worker’s schooling attainment, gender, and possibly race. These worker characteristics
are fixed over time. In addition, workers differ in their age, which also governs the horizon for their labor market
participation. For tractability, we consider workers that fall into two possible age groups: young and old. These
age groups are denoted a € {y,o}. We assume a simple form of stochastic aging, i.e. time invariant transitions
across age groups: Every period, each a young worker becomes an old worker with probability 0 < 7 < 1, and with
probability 1 — 7 stays a young worker. Finally, young workers die with probability 0 < §¥ < 1 every period and
old workers die with probability 0 < §° < 1.

In each period, new young workers enter the labor markets. The mass of “newborn” workers is described by a
positive measure, 0 mb.J , that defines how they are distributed across fixed characteristics e, and initial occupations
j. It is convenient to assume that newborns may be hit by the aging shock upon entry, thus some of them will
start the period as old.*> For newborn workers, the distribution of human capital within their group is ¢y mb.j (h).
Similarly, at any point in time, the mass of workers of different characteristics in the economy and the distribution
of human capital within each of these groups are 6; (e, a,j) and ¢;'“’ (h), respectively.

All workers take as given the vector of unitary wages w = [w(1),w (2),...w (J)] for all the J occupations.
The individual characteristics e and the age a of the worker determine the pecuniary and non-pecuniary costs,
Tjej and X;:Z, of switching occupations, as well as the parameters that govern the probabilities for labor market
opportunities A;’* for all occupations. Aside from these forms of heterogeneity, the structure of the dynamic choices
of workers is exactly the same as in the basic model, as we explain in detail now.

The value function for young, and old workers depends on their type e, and are respectively given by:

[w(j)h)' ™"

VUG = S B max (Gt By [VO© [ b en €] £ GY (0= m) By [VOU [ hrie o), €
Ve he) = [w%j)h];_v + B¢ m?X{X;ngewo,e {Ve"’ [E,the,’goeme’H }7

where E., . denotes the expectation with respect to labor market opportunities ¢, conditional on the age and
type of workers, and Y = 8 (1 — §¥) and 3° = S (1 — §°) are the effective discount factors which take into account
the death probability.

Following the same steps as in the basic model, we can define by v®¥ (j), v®°(j) as the expectation of the
normalized (h = 1) value of a worker in group e attached to occupation j. These values are given by the Bellman
equations

e, . [w(j)]li’y e,o e, e, e, 1—
V() = S+ B By max [t (0) + (1= m) v (O] 3G e
e,o ( [w(j)]lf'y o e,o0 e,o e, 1—
v (4) = ﬁ + B°Eeo.e max {v (0) Xj,e [T',zyw] 7} )

Our quantitative model imposes the assumption that the vector of market opportunities € for all workers is

43 As we discuss next, this assumption is convenient since all transition matrices p and M will have all elements strictly positive
and the version of the Perron-Frobenius theorem for positive matrices holds. Nonetheless, we can relax this assumption, in which case
these matrices will have some elements equal to zero. We would need to check that these matrices are irreducible and apply the version

of the theorem for this case.
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distributed according to a multidimensional extreme value distribution, which we allow to vary across the type e
and age a of the worker. Specifically, we assume that each ¢, is independently distributed Frechet with age- and
type-dependent scale parameters A;™* > 0 but common curvature o > 1. The expected labor market growth factors
for a worker of group e and age a are

and define ¢ = max; {®%* (j)} the highest of those growth factors for each of the age and type groups. Finally,
redefine the bounds on flow utilities u and @ to be the uniform bounds across all a and e. Then, under the conditions
that 32®%* < 1 for all e, a, we can find finite lower and upper bounds v, ¥ that apply to all the normalized expected
values v (j).

The following corollary extends the characterization of the individual worker’s problem of Theorem 3 to be
applied in our quantitative model.

wey=r (1!

J

a & e,a)\e,a «
Z Xge) 77 (T A ’
{=

Corollary 1 Individual Problems, Extended Model. Assume that the shocks e = [ey, ..., ...€ ;] are distributed
Frechet with shape parameter o > 1 and scale parameters \y* > 0 for all ages a and types e. Assume also that w
is strictly positive and that 3°®%* < 1 for all e,a. Then: (i) If 0 <~ < 1, the expected values v (j) for j =1,....J
solve the fized point problem

vy = B (1-227) [Z 1t (0)+ (1= m) v (O ()™ (Tfé”?y)j

A solution v&° € [O,@]J for these BE exists and is unique. Moreover, the proportion of workers switching from
occupation j to occupation £ is given by:
[roe (0) + (1= m) voy (O]77 ()T (TizyAz’y)
J €,0 e = ey yey)”
S froee (k) + (1= ) oew ()] 77 (G (i AeY)
e (O (5T (5o
J eo (k = €,0\ 12 €,04€,0 «
>kt [090 (k)] (Xj,k) T\ Tk Mk

ey _
Ko =

e,o
1227

(ii) If v > 1 the expected values v (j) for j =1,...,J, solve the fized point problem

<
a
<
—
.
~

|

=
<
—

(Iszlfyv - ( ) LZ_]; + (L= m) (= (O (G (Tfé”?y)a}

) [ e g (]

=1

A solution v € v, O}J for this BE ezists and is unique. Moreover, the proportion of workers that switch from
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occupation j to occupation £ is given by:

e,y
Mg

e,o
1227

ey

[r(—0° (0) + (1= m) (o ()] (6™ (%)

Sy (=0 (1) + (1= ) (=oer ()77 (G ™ (riag?)”
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